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GTLN-GTNN VA CHUNG MINH BAT DANG THUC 


Dang Thanh Nam 

Auditing 51a, National economics University, Ha Noi, Viet Nam 
Email: dangnamneu@ gmail.com 
Yahoo: changtraipkt 
Mobile: 0976266202 


PHlTGNG PHAP BIEN DOI DAI SO 


Phuans phap: 

Bien doi hai ve nhcr cac phep toan dai so c o ban; nhom nhan tir chung; quy dong; dua vao gia tri 
tuyet doi;... sau do niu co dung cac bat ding thuc co ban 

(a + y) 2 > 0 va (a - y) 2 > 0 

a 2 + y 2 + z 2 ~(xy + yz + zx) = ^(x-yf +(y-z) 2 +(z-a) 2 | >0 

(x + y + z) 2 -3(xy + yz + zx) = x 2 + y 2 + z 2 ~(xy + yz + zx)>0 (*) 

Tir (*) ta co mot bit dang thuc khac hay dune sir dung: 

(Ay + yz + zA) 2 >3[xy.yz + yz.zx + zx.xy) = 3xyz(x+y + z ) 

BAI TAP MAU 


Bai 1. Cho a, y, z la cac so thuc thoa man a 2 + y 2 + z 2 = 1. Chung minh ring 
~ < yy + yz + za < 1 . 

Loi giai; 

Ta co 

2(xy+yz + zx) + l = 2(xy + yz + zx) + x 2 + y 2 + z 2 =(A+y + z) 2 >0 
=> Ay + yz + za > 

Lai co 

1 - ( Ay + yz + zr) = a 2 + y 2 + z 2 - (Ay + yz + zx) 

=>Ay + yz + ZA<l 

Tir do suy ra dpem. _ 

Bai 2. Cho a, y, z la cac so thuc duong thoa man a < y < z. Chung minh ring 
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Loi giai: 

BBT tirong duang vai 

(H) ( * +z) - y (HH (x+z) *° 

«^- + -j(x+«-y)+—(x + *)^0 
(x+z)(y-x)(z-y) 

<=> -—-—-- > 0. dung vi 0 < x < y < z. 

xyz 

Ta co dieu phai chung minh. 

Bang thuc xay ra khi va chi khi x = y - z ■ 

Bai 3. Cho 2 so thuc x*0 ,y * Othay doi vao thoa man dieu kien: 

xy(x + y) = x 2 + y 2 - xy . 

Tim gia tri Ion nhat cua bi8u thuc 

A-^+4 

_ x y _ 

Loi giai; 


_ x 3 + y 3 _(x + y)(x 2 +y 2 -xy) _(x+ y )( x + y )xy _ 




x y x y x y 

Theo gia thiet ta co 

xy(x+ y) = x 2 + y 2 - xy = (x + y) 2 -3xy > (x + y) 2 --^-(x+ y) 2 = ^-(x + y) 2 >0. 


> 0<—^-< 4 => A = 


Bang thuc xay ra khi va chi khi x = y = . Vay gia tri ldn nhat cua A bang 16. 

Bai 4. Cho x, y, z la cac so thuc thuoc doan [0;l]. Tim gia tri Ion nhat cua bieu thuc 
P = 2 (x 3 + y 3 + z 3 ) - (x 2 y + y 2 z + z 2 x) . 


Loi giai; 

Taco x,y,ze[0;l] = 


(l-x 2 )(l-y) + (l-y 2 )(l-z) + (l-z 2 )(l-x)>0 


[x 3 < x 2 < x;y 3 < y 2 < y;z 3 < z 2 < z 
Tu do suy ra x+ y + z + x 2 + y 2 + z 2 - (x 2 y + y 2 z + z 2 x) < 3 
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^P = 2(x’ + f + z s )-{x 2 y + y\ + z‘x)i3. 

Vay gia tri lan nhat cua P = 3 khi x = y = z = 1. 


Bai 5. Cho a,b,c> 0 thoa man a 2 +b 2 +c 2 = — . Chung min h rang 

111 1 

— +-<- . 

a b c abc 


Loi giai: 

Do a,b,c > 0 nen bat dang three tuang duang vdi 
be + ca - ab < 1 

Theo bat dang three ca ban ta co 

(i a+b-cf >0^>bc + ca-ab<—(a 2 +b 2 +c 2 ) = — <l luondung 
2 V ' 6 

Trr do ta co dpem. 


Bai 6. Cho a,b,c> 0 thoa man a + b + c = \. Tim gia tri ldn nhat cua bieu three 
P = 


H fcT +1 L(£z^ + J c+ fcTf 


Lai giai; 

Ta co 
(b-c) 2 

n 4--2 - 


b+c V / % (b-c) 

2 1 ’ 4 


b + c 
f 2 


(b-c) (b + c) (b~c) b + c 

= - --—-- - = -bc<0=>\ia+- -— <a + - 

4 4 V 4 2 

Trrang trr 


,.(£z£)_ s4+ £±* 

4 2 


(a-b) a + b 

f--<c +- 

4 2 

Cong theo ve cac bat dang thrre tren suy ra 


, (b-c) 2 ( c ~ a ) 2 / («-b) 2 , \ - 

P — \lu 4-—-1-H-—-hue ^ -^— ^2(o4-b4-c) —2 

Dang three xay ra khi va chi khi a = b = 0,c = \ hoac cac hoan vi 
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Gia tri lan nhat cua P bang 2. 


Bai 7. Cho a,b,c e [0; l] thoa man a + b + c = — . Tim gia tri lan nhat, nho nhat cua bieu thuc 
P = cos(a 2 +b 2 + c 2 ) 


Loi giai: 

Do a,b,c e [0;l]nen 0 <a 2 +b 2 +c 2 <a + b + c = ^<^- 

vay P ldn nhat( nho nhat) khi a 2 + b 2 + c 2 nho nhat ( Ion nhat) 

Tim gia tri nho nh at cua a 2 + b 2 + c 2 

Ta co a 2 + b 2 + c 2 > + b + c) 2 = ^. Suy ra GTLN cua P bang cos^ ; xay ra khi 

T 1 

a=b=c=— 

2 

Tim gia tri Ion nh at cua a 2 + b 2 + c 2 

gia su : 

a<b<c^>a + b + c = — < 3c => c > —. 

2 2 

Vay a 2 +b 2 +c 2 ={a + bf -2ab + c 2 <(a + b) 2 +c 2 =c 2 +^-cj 
Do (c-l)(2c-l)<0 

SuyraGTNN cua P bang cos^ ;xayrakhi (a,Z?,c) = fo,0,^lhoac cac hoan vi 


Bai 8. Cho x, y la cac so thuc khong am. Tim gia tri ion nhat, gia tri nho nhat cua bieu three 
p _ (*-y)(l-xy) 

(x + l) 2 (y+ l) 2 


Lol giai; 

Tac6 P (^-rH 1 -*?) b + V)-(y + V) 
(* + l) 2 (y + l ) 2 (* + l) 2 ()M-l ) 2 

_ x(y+ l) 2 - y(x + l) 2 _ x y 

(x + l) 2 (y + l) 2 (x + l) 2 (y + 1) 2 

Vbi x, y > 0 thi 0<—^<-;0<—^<- 

(x + 1) 4 (y + 1) 4 
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Tir do suy ra GTLN cua P bang - khi x = 1; y = 0 
4 

GTNN cua P Mng khi x = 0; y = 1. 

4 


Bai 9. Cho a,b,c> 0 la cac so doi mot khac nhau. Chung minh rang 
1 1 1 


(ab + bc-\■ 


( a-b ) 2 ( b-c ) 2 ( c-af 


Lol giai; 


Gia svr c = min (a,b,c), khi do do a,b,c> 0 ta suy ra 
ab + bc + ca> ab 

—!—>-L 

(, b-c ) b 2 

_ 

(a-c)~ a 2 

Vay ta chi can chung minh 


(a-bf b 2 a 2 ) (a-bf b 

ab (a-b) 


(a-b) ab 
Vay ta co dpcm. 


' 2 -° o1 - 0lu6ndllng 


112 , 

Bai 10. Cho a,b,c> 0 va — + — = —. Tim gia tri nho nhat cua bieu thuc 
a c b 

_ a+b c+b 

P = -+- 

2 a-b 2c-b 


Lol giai; 


thay vao P = - 


2 ac lac 

f—— c + - 

a+c j , - a+c 
lac lac 


a + c 


a + c 


a + 3c c + 3a . 3 (a c ^ . 

-+-= 1 + - —+ - >4 

la 2c 2 \c a) 


Bai 11. Cho a,b,c e [l; 3] thoa man a + b + c = 6 . Tim gia tri ldn nhat cua bieu thuc 
P = a 2 +b 2 +c 2 
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Loi giai: 

Cach 1: 

Dat a = x+l\b=y + l-,c = z + l',x,y,ze\0\2\ 

Khi do P = a 2 + & 2 +c 2 = (v + l) 2 +(y + l) 2 + (z +l) 2 

= x 2 + y 2 + z 2 + 2(x+y+z) + 3 

= (x+y + zf -2(xy + yz + zx) + 2(x+y + z) + 3 

= -2(xy + yz + zx)+lS 

Tir x,y,ze[0-,2]^(2-x)(2-y)(2-z)>0 

o8-4(x+y + z) + 2(xy + yz + zx)-xyz>0 

=> -2(xy + yz + zx) = -4- xyz< -4 do xyz>0 

Ttrdo suyra P<-2(jty + yz + zjc) + 18<14 

Dang thuc xay ra khi va chi khi (a,b,c) = (l,2,3)hoac cac hoan vi 

Binh luan ; 

Dat a = x + l\b = y + \\c = z + \ de chung ta tan dung tich xyz > 0 
Neu khong abc se rat kho danh gia 

Cach 2 : Xem phuang phap su dung tinh dan dieu cua ham so 

Bai 12. Cho x, y, z la cac so thuc thoa man x 2 + y 2 + z 2 = 5 va x-y + z = 3. Tim gia tri ldn 

nhat, gia tri nho nhat cua bieu thuc 

p= x+y-2 

_ z + 2 _ 

Lol giai: 

Taco x 2 + y 2 =5-z 2 =^(x + y) 2 +(x-y) 2 j = ^(x + y) 2 +(3-z) 2 J 

(x + y) 2 =l + 6z-3z 2 
Ta co : 

P(z + 2) + 2 = (x + y)^(x + y) 2 ={p(z + 2) + 2) 2 
(p 2 + 3) z 2 + (4P 2 + 4P - 6) z + 4P 2 + 8P + 3 = 0 
Coi day la phuang trinh bac hai vai an la z, de phuang trinh co nghiem thi 
A’ : = (2P 2 +2P-3) 2 -(P 2 +3)(4P 2 +8P + 3)>0<^-^<P<0 
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Vdi x = 2;y = 0;z = l thi P = 0 la gia tri Ion nh at cua P . 

Tr ,. 20 66 7 „ 36 „ ., . . , . x , „ 

Voi x = —; y =-; z = — thi P = -la gia tn nho nhat cua P . 

31 31 31 23 

Bai 13. Cho a, b, c e \ 0; ll. Chung minh rang —-— -4—-— 4—-— > 'babe 
_ 1 J SS 2 —a 2 -b 2-c _ 

Lol giai: 

(a-l) 2 > 0 => a(2-a) < 1 => —-— > a 
2 —a 

Tuong tu : 

—>c 
2-b 2-c 

Cong theo ve cac bat dang thu'c tren ta suy ra 

—-— 4—— 4—-— >a + b + c> byjabc > babe do abc < 1 
2 —a 2-b 2-c 

Dang thuc xay ra khi va chi khi a = b = c = 1. 

Bai 14. Cho a, b, c e [0; l] va a + b + c ^ 0. Chung mi nh rang 
1 1 1 ^ 5 

ab 4-1 be 4-1 ca 4-1 a + b + c 


Lol giai: 


Khong mat tinh tong quat ta gia su 1 > a > b > c > 0 
Khi do 


c a 
ab 4-1 be 4-1 
Mat khac 
a + b + b + c 
ab 4-1 be 4-1 


b 

ca 4-1 

c4-a 
ca 4-1 


< a + b + c < l + b + c + {l-b)(l-c) + bc 
be 4-1 be 4-1 



(i-aXi-fr) (l-fc)(l-c) (i-c)! 1 -^) |3 ^ 3 
ab +1 be 4-1 ca +1 

Cong theo ve cac bat dang thuc tren ta suy ra dpem. 

Dang thuc xay ra khi va chi khi a = b = \,c = Ohoac cac hoan vi. 


Bai 15. Cho a,b> 0 thoa man a 1 +b 2 = 1 . Chung minh rang 
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11 f r 

rr ^ 

2 





\aj 



Loi giai; 

Bat dang thiic can chiing minh tuong dirang vdi 

— + — > 2-\/2 + — + — -2<z>a + b + 2ab > lyflab +1 
a b b a 

o a+ & + ( 8+ fc) 2 -i>272 ^ g+ ^~ 1 j+l 

«(i-V5) t 2 +t + J 2-2>0(*) ; vdi t = a + b & {\\\[2~\^ 

(Yi (a + bf = a 2 +b 2 + 2ab> a 2 +b 2 =\^> a + b>\ 

Va (a+b) 2 <2(a 2 +b 2 ^ = 2=>a + b <>/2 

Suy ra t e (l; V 2 J ). Bat ding thiic (*) luon dung vdi t e (l; V 2 J . 

Bai 16. Cho a,b,c> 0. Chung minh rang (a 2 +b 2 + c 2 ) > 4(a + & + c)(a -b)(b-c)(c-a) 

Loi giai; 

Khong mat tinh tong quat ta gia sii b nam giua a va c, ta xet hai tnrcmg hop 
Neu a > b > c => VT > 0 > VP , ta co dpcm. 

Neu c>b>a, khi do ve phai 
VP = 4(a+b + c)(a-b)(b-c)(c-a) 

= 4 (a + b + c)(b-a)(c-b){c-a) 

<((a + b + c)(b-a) + (c-b)(c-a)y 
Ta chi can chiing minh 

(a + b + c)(b - a) + {c-b)(c - a) < a +b 2 +c 2 
That vay bat dang thiic nay tuong duong vdi 
-a(2a + 2c-b) <0, dung 
Vay ta co dpcm. 

Bai 17. Cho a,b,c& [0;l]. Chiing min h rang 
a(l-&) + Z?(l-c) + c(l-a)<l 


Loi giai: 

Bat dang thiic can chiing minh tuong duong vdi 
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a + b + c-(ab + bc + ca)< 1 
Lam ta nghi den : 

(l-a)(l-b)(l-c)>0 ol-(a+b + c) + (ab + bc + ca ) - abc > 0 
=> (a + b + c)-(ab + be + ca) < 1 - abc < 1 

Tu do ta co dpem. Dang thiic xay ra khi va chi khi a = b = 0,c = lhoac cac hoan vi. 

Bai 18. Cho a,b,c> 0 thoa man a + b + c = 3. Chung minh rang 
4 4 4 ^ a b c 

-£• H- - A -*- >-1-1- 

(a + b) (b + c) (c + a) b + c c + a a + b 


Loi giai; 

{ a + b = x 

b + c = y do a,b,c> 0 va a + b + c = 3 nen x, y, z > 0 va 
c + a = z 


Kh i do bat dang thiic trd thanh 
4 4 4 3- y 3 — x 3-z 

— + — + -?&• - + - +- 

x y z y x z 



.. (*+i)(*- 2 ) 3 , (y+1 )h- 2 ) 2 , hil)(-2) 2 

* 3 _ y 1 z 3 

Bat ding thiic cuoi luon dung, tir do ta co dpem. 


fa = 3- y 
\b=3-z 
[c = 3 — jc 


Bai 19. 


Chiing min h rang vbi moi a,b e [0;l] thi ta luon co- 7 +- 7 

1 + a l + b“ 


2 

1 + ab 


Loi giai: 

Bat dang thiic tuong duong vdi 

(l + ab)(2 + a 2 +b 2 )< 2(l + a 2 )(l + b 2 ) <=>(ab-l)(a-b ) 2 < 0, bat dang thiic cuoi luon dung. Ta 
co dpem. 


Bai 20. Cho x, y, z e [0; l]. Tim gia tri Ion nhat ciia bi 6 u thiic 
1 1 1 
-x 3 + \+y s + I+? 


P=(i+*yz) \- 


Loi giai; 

Sii dung bai 19, ta co 
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1 1 1 - 2 


l + x 3 1 + y 3 1 + ^y 

1 1 / 2 


l + z 3 1 + xyz “l + ^/^y 

2 , 2 . 

4 

l + ^[x 3 y 3 1 + ^fxyz 4 i + J. 

\jx 4 y 4 z 4 

Cong theo ve cac bat dang thuc tren ta 

1 1 13 

-r +-^ +-- 

1 

II 


4 

1 + xyz 


l + x l + y 1 + z 1 + xyz 

Dang thuc xay ra khi va chi khi x = y = z 

Yay gia tri lan nhat cua P = 3. 


1 

l + x 3 


1 

'i+7 


i 

1 + z : 


Bai 21. Cho a,b,c> 0 thoa man a<b<c. Chung minh rang 



Loi giai; 


Bat dang thuc can chung minh tuang duang vdi 

111 1 111 1 

-+ ->-—+->-+- 

a b c a-b+c a c b a-b+c 

a + c ^ a + c 1 1 

<^> -> - <=> — > - 

ac b[a-b + c ) ac b(a-b + c ) 

b(a - b + c) > ac o a{b -c) -b(b- c) > 0 (a -b)(b-c) >0 

Bat dang thuc cuoi luon dung do a<b<c. Taco dpcm. 


Bai 22. Cho cac so thuc a, b, c thoa man a + b + c = 1. Tim gia tri nho nhat cua bieu thuc 
P = y/a 2 +ab + b 2 + yjb 2 + bc + c 2 +\l c 2 +ca + a 2 

Loi giai: 


Ta co a 2 +ab + b 2 = ^[a + b) 2 + ^a-bf >^(a + b) 2 

=^>\la 2 +ab + b 2 >^-\a + b\>^-[a + b) 

Tuang tu ta co 

\jb 2 +bc + c 2 >^-\b + c\>^-(b + c) 
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•> Jc 2 + ac + a 2 >—|c + a|>-^-(c + a) 

Cong theo ve ba bat ding thiic tren ta suy ra 
P>j3(a + b + c) = S 

Dang thiic xay ra khi va chi khi a = b = c = ^. 

BAI TAP DE NGHI 

1.1. Cho ab > 0 . Chiing minh rang j 'a 2 + b + j | b 2 + a + ~ j j ^2 b + 

1.2. Cho x,y,ze [0; 2] thoa man x + y + z = 3. Tim gia tri Ion nhat cua bieu thiic 
P = x 2 + y 2 + z 2 . 

1.3. Chiing minh rang vbi moi x, y, z. khong am ta luon co 
(x + 2y + z)(x + y + zf >4(x + y)(y + z)(z + x). 

1.4. Cho a, b, c e [l; 2]. Chiing minh rang 3(ab+bc + ca)>2(a+b + c) + a 2 b + b 2 c + c 2 a 


1.5. 

1.6. Cho 


Cho a,b,c> 0 va b = min (a, b,c) . Chiing minh rang (a-h + c)^—-^- + —j < 1 
a,b,c> 0. Chiing minh rang ^ + ~ ^ + \j , tir do chiing 


minh rang 


1 fl3 I 1 

(-P-J 

ja 3 +(b + c) 3 y 

b 3 +(c + a ) 3 ^ 


1.7. Cho x, y > 0. Tim gia tri nho nh at cua bieu thiic P = 


4 / 


^ X 3 + 8y 3 ]l y 3 +( x+ y) 

1.8. Cho a,b,c la do dai ba canh mot tam giac. Chiing minh rang 

a + c a + b 2 a 

-+-+- <2 

3 a+b 3 a + c 2a + b + c 

1.9. Cho xy > 0 va x 2 + 2 y 2 = 1. Chiing minh rang 
y/l + 2x+yjl + 2y >1 + Vl + V2 

1.10. Chiing minh rang voi ba so thirc a,b,c ta luon co 
(a 2 +l)(^ 2 + \}{c 2 +\}>{ab + bc + ca-\) 2 

PHlTONG PHAP KHAO SAT TINH DON DIEU CUA HAM SO 
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Dira bai toan nhieu bien ve bai toan mot bien, khao sat tinh tinh don dieu cua ham so suy ra gia 
tri Ion nhat, nho nhat cua ham so. 

Cac hucmg giai quyet bai toan loai nay 

+ NSu trong bieu thuc co xuat hien bieu thuc d6i xiing cua x,y dat t = x+y hoac t = xy. 

+ Neu khong bieu dien cac bien ve mot bien dugc co the coi bieu thuc do la ham mot bien va cac 
bien con lai la hang so. 

BAI TAP MAU 


Bai 1. Cho x, y, z. la ba so thuc thuoc doan [l; 4] va x > y, x > z . Tim gia tri nho nhat cua biSu 
thuc 

. y ^ z 


p=- 


2x+3 y y+z z + x 


Loi giai; 

Ta co 
P = - 


1 


1 


1 


2 X + Iy y + z z + x 2 + 3 l l+ Z l+ x 
x y z 

Dat a = — ,b = — ,c = — , ta co abc = l,bc = — e [1;4] 
x y z y 

Khi do ta co 

1 1 1 

- 1 - 1 - 

2+3 a 1 +b l + c 
Mat khac ta co 
1 1 2+b+c 


P = 


= 1 +-——->1+-'—— , do bc>l. Suyra 

1 + b l + c l + bc + b + c l + bc + b + c l + bc + 2-fbc \lbc +1 


2 + 3a yfbc +1 r, _3_ +Jbc +1 


— = f(t) = — f - - +,vdit = yfbc e[l;2l. 

T FuZ , i J v ’ if 2 L J 


Taco f\t) = 2 


be 

3 t 1 


(2( ! +3) (f + 1) 


Vi -J2t(t + 1) 2 - (2r 2 + 3) < (t + 1) 2 - (it 2 + 3) 

< l ± j (, + ^-(^ + 3 ) = - < 4t - 1 )< t - 1 ) <0 

Do do f(t) nghich bien tren doan [l; 2], suy ra 
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DSng thuc xay ra khi x = 4, y = 1, z = 2. 

34 

Vay gia tri nho nhat cua P bang —. 

Bai 2. Cho cac so thuc duong x,y,ze (0; 4] va x < y; x < z va thoa man xyz = 1 . Tim gia tri nho 
nhat cua bieu thuc 

P = x 2 + y 2 + z 2 + x+y + z-2(xy + yz + zx). 

Loi giai: 


Xet 

P = fix, y,z) = x 2 + y 2 + z 2 + x+ y + z-2(xy + yz + zx) 

Ta co 

f(x,y,z)-f(x,y[yz,yfyz) = y 2 + z 2 + y + z-2(yz + xy + zx)-2yfyz+4xyfyz 

= (y-z) 2 +(Vy-Vi) -2Jt(Vy-Vz) 

= (4y -JzJ(y + z-2x + l + 2.Jyz)>0, vi x<y,x<z. 

Dat t = Jyz^x = \,t = ^ r ?>\. Khi do f(x,Jyz,y[yz) = f(\,t,t) = \+\ + 2t-- = fit) 
t y/X 2 t t t t 

Ta co 

fXt) = ^2 + ^l-jj,fXt) = 0^t = l. 

Lap bang bien thien ta suy ra 

mi n P = min fit) = /(l) = 0. Xay ra khi x = y = z = 1. 


Bai 3. Cho — <x<l;y,z>l sao cho xyz = 1. Tim gia tri nho nhat cua bieu thuc 
4 

P = J_ + J_ + J_. 

l + x l+y l+z 


Loi giai; 


l + y l + z 1 + Jyz 1 + * 1 + <Jyz 1 + J_ 1 + ^/yz 

yz 

Dat t = Jyz => 1 < t = -4= < 2 => P = f(t) = -4r -1—— 

4x t 2 + i i +t 

It 0 

Ta co f \t) = 


(t 2 + lf (i + O 
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/«)*/( 2) = |f 

22 1 

Suyra min P =— khi x = — ;y = z = 2. 

| ___ 15 4 _ 

Bai 4. Cho hai so thyc x, y thay doi va thoa man he thiic x 1 + y 2 = 1. Tim gia tri Ion nhat va gia 
tri nho nhat cua bieu thiic. 

2(x 2 + 6xy) 


P = - 


l + 2xy + 2y 


Loi giai; 


P = - 


W x 2 + y 2 = 1 , nen 

2 (x 2 + 6 xy) 2 (x 2 + 6 xy) 

x 2 + y 2 + 2xy + 2y 2 x 2 + 3y 2 + 2xy 
+ NSu y = 0=> P = 2. 

2(t 2 +6t) x 

+ Xet voi y * 0 => P = -2- L ,t = - e R. 

t + 2t + 3 y 

Xet ham so /(r)tren R. Taco 

-4(2t 2 -9) 3 Jo 

f\t) = -'- 4 = 0 ^t=±— 

(t 2 + 2 t + 3) 2 2 

Lap bang bien thien ta suy ra 

_ ... J3j2) 48^2-18 ... 3y/ll 

tnsotP = max fit) = / - =-, khi x = ± 

[ 2 ) 17 

. _ . ... J 3j2} -18-48V2 ... _3-n/Ti , [2 

mm P = min f{t) = /1 — I =-—-, khi x = + —,y = ±^|- 


vn ,[2 
ir ,y=± VTT' 


Bai 4. Cho a > b > 0 . Chiing minh ring: 2 a + 




Loi giai: 


Lay logarit c a so tur nhien 2 ve BDT can chiing minh tro thanh 


Mn| 2 a +-^\ < aln 


( 2 * + ! 


In 2 a + 


In 2 + 


«/(a) <f(b). 
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>" 2 ' + * 

Trong do /(f) = — -—, f > 0. Do vay ta chi can chung min h ham /(f) nghich bien tren 

(0;+oo). 

Thay vay, ta co 

ln J*T_ 

4 ' In 4' - (4 f +1) In (4' +1) (4' +if ^ 

/ ’(f) =-r--- = —?-— < 0. Ta co dpcm. 

( 4 f + 1)/ 2 (4-+1 y 

Bang thuc xay ra khi va chi khi a = b. _ 

Bai 5. Cho a,b la cac s6 thuc duong thoa man 2(V + b 2 ) + ab = (a+ b)(ab +2).Tim gia tri nho 
nhat cua biSu thuc 

■P = 4| TT + —T I 91 tt + —r 


a 3 b 3 ] a 2 b 2 

* + 7j"V + ? 


Loi giai; 

Theo gia thi 

2 (a 2 + b 2 ) + = (a + Z ?){ab + 2 ), chia ca 2 ve cua dang thuc nay cho ab ta dugc 

Ja b\ . 2 2 

2 1 +1 — Cl A - b b A —. 

{b a) a b 

Su dung BBT Co si ta co 

2 , 2 
a+-+b +—> 
b a 




t = |j- + -j => 2f + 1 > 2-j2yft + 2 => 4f 2 —4f —15 > 0 => f > 

Vay taco P = fit) =4f 3 -9f 2 -12f + 18 

Ta co / ’(f) = 12f 2 -18f -12 => / ’(f) = 0 f = 2 > -. 

, 23 5 

Lap bang bien thien suy ra min /(f) = ——, khi f = —. 


, , 23 

Vay gia tri nho nhat cua P bang-, khi < 

4 

[« = 1 1 

[b = 2 | 

\a = 2 

M' 

Bai 6 . Cho x, y,z la cac so thuc khong am cc 
cua bieu thuc 

) tong bang 1. Tim gia tri ldn nhat, gia tri nho nhat 
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P = xy + yz + zx-2 xyz. 

Loi giai: 

Gia sue x = min(x, y, z) => 3x < x+ y + z = 1=> x < ^. 

Khi do ta co 

P = xy + yz + zx- 2 xyz = yz( 1 - 2x) + xy + zx > 0. 

Dang thuc xay ra khi va chi khi x = 1, y = z = 0. 

Mat khac ta lai co 

P = yz( 1 - 2x) + x(y + z) < x(l - x) + j (l-2x) = f(x ) 

Ta tim gia tri Ion nhat cua /(x) tren doan . 

Taco /'(x) ^0, do do /(x)dongbientrendoan 

Vay max P = max /(x) = / . Khi va chi khi x = y = z = ^. 


Bai 7. Cho x, y, zla cac so thuc khong am co tong bang 3. Chung minh 
P = x 2 +y 2 +z 2 +xyz> 4. 


Loi giai; 

Khong mat tmh tong quat ta gia sir x = min (x, y, z) => 3x < x + y + z = 3 => x < 
Khi do ta co 

P - 4 = x 2 + (y + z) 2 - 2 yz + xyz - 4 = (x - 2) yz + x 2 + (3 - x) 2 - 4 


= f{t ) = (x- 2 )t+ 2 x 2 - 6 x+ 5,0 < t = yz < 


(+)-(¥ 
*(¥)' 


ta co fit) la ham so nghich bien do 


Vay ta tim gia tri nho nhat cua fit) tren 
x- 2 < 0 . 

Vay P-4 = f(t)> j = -^-(x-l) 2 (x + 2) > 0=> P > 4. Tacodpcm. 
Dang thuc xay ra khi va chi khi x = y = z = 1 . 


Bai 8. Cho a, b, c la cac so thuc duemg thoa man a + b + c = 1. Chung minh 
5(a 2 +b 2 +c 2 )< 6 (a 3 + 6 3 +c 3 ) + l. 


Loi giai; 
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Khong mat tfnh tong gia sue a = min (a,b,c) => a < —. 
BDT da cho terong dircmg vdi 

5^a 2 +[b + c) 2 -2bc^j < 6 ^a 3 +[b + cf -3bc(b + c)^ + l 
<^>5^a 2 +(l-a)“ -2bc^ < 6 ^a 3 + (l-a ) 3 -3Z?c(l-a)j +1 
o(9a-4)bc + (2a-lf >0. 

Ta dat t = bc=>0<t< j = 

Yay ta chi can cherng minh 

f 1 -a 


fit) = (9a-4)t + (2a-l) >0,te 
Do f(t ) la ham nghich bign nen fit) > fl (3a -1 ) 2 > 0. Ta co dpem. 


Dang there xay ra khi va chi khi a = b = c = 


Bai 9. Cho a,b la cac so there dirong thoa man ab + a + b = 3. Tim gia tri Ion nhat cua bieu there 

3 a 3b ab 

- 1 - 1 - 

+1 a +1 a+b 

Loi giai: 


„ 3 a 3b ab / , , 2 \ 
^ = —+ |jp + --(a 2 + b 2 ). 


Dat t = a + b=> ab = 3-t;a 2 +b 2 =(a + bf -2ab = t 2 -2(3 -t) = t 2 +2t-6 

>3-t<—t 2 <=>t>2. 

4 

3(a 2 +b 2 ) + 3(a + b) ab , . 2 12 5 

Suyra P=— ------ +- (a +b ) = -t +t + - 

ab+a+b+l a+b v ’ t 2 

, 12 5 

Xet ham so f it) = —t 2 +t-\ -voi t > 2 

t 2 

12 

Ta co / \t) = -2 1 + l-—^<0,t>2. Suy ra ham so fit) nghich bien tren 
t 

[2;+oo) => P = f it) < f (2) = ^. 

Dang there xay ra khi va chi khi a = b = 1. 

Vay gia tri Ion nhat cua P bang 1 khi a = b = 1. _ 


Bai 10. Cho x, y, z la cac so there thoa man 


x+y+z=4 
xyz = 2 
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Chiing minh rang 183 -165>/5 < a 4 + y A + z 4 < 18. 


Loi giai; 

Ta co P = x 4 + y 4 + z 4 = ( x 2 + y 2 + z 2 f -2(x 2 y 2 + y 2 z 2 + z 2 x 2 ) 

= ((x+y + z) 2 -2(xy + yz + zx)) -2(xy + yz + zxf + 2xyz(xy + yz + zx) 

Theo gia thiet ta co i * ^ Z , dat t = xy + yz + zx => P = 2(t 2 -32t + 144) 

[xyz = 2 v ' 

Taco (y + zf >4yz=>(4-x ) 2 > —, giai bat phircmg trinh nay ta suy ra 3-V5 < x<2. 

Taco t = x(y + z) + yz = x(4-x) + —, xethamso f(x) = x(4-x)+ — trendoan |^3-V5,2j t 

. SyfE-l] 


Tuong tu xet ham so fit) = l{t 2 -32r + 144)tren doan ^5,^^—-j ta suy ra dpcm. 


Bai 11. Cho a,b,c la cac so thirc duoug. Tim gia tri Ion nhat cua bieu thuc 

p — _ 1 _ 2 _ 

■Ja 2 +b 2 +c 2 +1 (fl + l)(fc + l)(c + l) 


Loi eiai ; 

Sir dung bat dang co si cho 3 so duong ta co : 

(a + l)(Z? + l)(c + l) < + ^ c + 2 j Dau bing xay ra khi va chi khi a = b = c 

Mat khac sir dung bat ding thuc Cauchy sharvart ta co 

a 2 + b 2 + c 2 +1> -^(a + b + c + if. Dau bang xay ra khi va chi khi a = b = c = 1. 

Dat t = a+b + c +1 > 1. Khi do ket hop vdi cac bat ding thuc tren ta suy ra 

t (, + 2 f 

Xethamso fit) = — -—trenkhoang (l,+oo). 

t (t + 2) K J 

Taco / '(t) = —y + ~~~t of'(t) = 0e>t = 4=>f(4) = j; lim/(f) = 0;/(l) = 0 
t 2 (t + 2) 4 

tu do suy ra max ^ fit) = /(4) = . Tu do suy ra gia tri Ion nhat cua P = ~ khiva c hi khi 


609 

Dang Thanh Nam 

Auditing 51a, National economics University, Ha Noi, Viet Nam 
















GTLN-GTNN VA CHUNG MINH BAT DANG THUC 


Bai 12. Cho cac so thuc a,b,c thoaman a>b>c\ a 2 + b 2 + c 2 = 5. Chung minhrang 
( a-b)(b-c)(c-a)(ab + bc + ca ) > -4 


Lori siai: 

Bat dang thuc can chung minh tuong ducmg voi: 

(a -b)(b -c)(a -c)(ab + be + ca) <4 (*) 

Bat ve trai cua bat dang thuc (*) la P . 

Neu ab + be + ca < 0 => P < 0, ta co dpem. 

Xet ab + be + ca > 0 , ta dat x = ab + bc + ca 

Taco :(a-b)(b-c)<^ a ~ b+ 2 b ~ C ^ => (a-b)(b-c)(a-c) <^{a-cf 

Mat khac lai co 

a 2 +b 2 +c 2 -ab-be-ca = -^(a-b) 2 + ^(b-c) 2 + ^(a-c ) 2 
>^(a-cf +^(a-b + b-c) 2 
Suyra 5-x>-^(a-c ) 2 =>a-c<J^( 5-x);0<x<5 

SuyraP^*^j|(5-x)j = ^- Xy j(5-xf 

Xet ham so f(x ) = x^(5-xf tren doan [0; 5], ta suy ra max f(x) = f (2) = 4. 

Dau bang xay ra khi va chi khi a = 2;b = l; c = 0 . Taco dpem. 



Loi giai: 

Theo gia thiet ta co : 

x + 2y = xy = ^.x2y<^±^ =^x + 2y>8 

Theo bat dang thuc Cauchy shares ta co 

* 2 , / = x 1 , { 2 yf ^ {x + 2yf = (x + 2y) 2 

4 + 8y 1 + x 4 + 8y 4 + 4x 4 + 8y + 4 + 4x 8 + 4(x + 2y) 
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Vaydat t = x + 2yva xet ham so f(t) =-—— ,t >8 

Ta co f \t) = ^ > 0 vdi t > 8 . 

(8 + 4 1 ) 

Suy ra mk f(t) = /( 8 ) = |. 

Tir do suy ra gia tri nho nh at cua P bang ^, khi x = 4; y = 2 . 


Bai 14. Cho x, y, z > 0 thoa man x + y + z = 9 . Tim gia tri nho nh at cua bieu thuc 

_ x 3 + y 3 y + z 3 z 3 +;c 3 


xy + 9 yz +9 zx+9 


Loi giai: 


Theo bat dang thuc Cauchy schwarz ta co 
J 1 ; 1 V 4x 3 _ 4x 3 

[xy + 9 zx + 9 J x(y + z) + 18 x(9-x) + 18 

ong tu : 

_-_V 

^xy + 9 yz + \ 


Tuong tu : 

Y 


+ 9 J y(z + x) + 18 y(9-y) + 18 

—iC - 4 * 3 

l^zx + 9 yz + 9j z(x + y) 


f y) + 18 z(9-z) + 18 



b 3 | 


l + z 3 l 


^xy+ 9 zx + 9 j 

v xy + 9 yz + 9j 

l + z | 

^zx + 9 yz + 9j 


^ 4x 3 | 4y 3 | 4z 3 

-x 2 + 9x + 18 -y 2 +9y+ 18 -z 2 +9z + 18 

' 4jc 3 

Xet ham so fix) = —-- 

-x 2 + 9 a: + 18 

De chung min h duoc rang : 

4x 3 > 11 21 

-x 2 + 9x + 18 _ 4 4 

4y 3 11 21 

-y 2 +9y + 18 _ 4 y 4 
4z 3 > 11 _ 21 

-z 2 + 9z + 18 ~ 4 Z 4 
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' - , 11 21 
Tir do cong theo ve cac bat dang thuc tren ta suy ra P> — (x+y + z)~ 3. — = 9 

4 4 

Dang thuc xay ra khi va chikhi x=y = z = 3. 


Bai 15. Cho a,b,c la do dai ba canh mot tam giac. Chung minh rang 


3f-+-+-l> 2 f-+-+-l+3. 

yb c a J yc b a) 


Loi giai: 

Gia sir a = mox{a,b,c } 
Neu a>c>b thi 


a b c^a b c „ .(a b cY a b cY a b c'l . 

b c a c a b yb c a) yc a b J yc a b J 

Neu a>b>c thi 

Xethamso f(a ) = 3f— + — +— 1 — 2^— + — + —1-3 
yb c a J yc b a) 

^ ^ 3 3c 2,2 b (a 2 -bc)(3c-2a) 

Taco / (*) = -- — ■—+— =- 2 I- 

b a c a a be 

Do a>b>c^ a >bc 

Neu 3c > 2 a ham so dong bien suy ra 

f(a)>f(b) = - + ~- 2>0 
c a 

Neu 3c < 2 a ham so nghic bien suy ra 

be b + c (b + c ) 

Ta co dpem. 

Bai 16. Cho ba so thuc a,b,c e [l; 2]. Tim gia tri nho nhat cua bieu thuc 

r " ( a + b f 

c 2 +4 (ab + bc + ca) 

Loi giai: 

Su dung bat dang thuc co si ta co 4 ab <(a + bf 
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Khido P> 


( a + b f 


a + b 
c c 


c 2 +4(a + b)c + (a + bf 1+ Ja + b\fa + b 


Ic c) Ic c 


Tadat t = — + — thido a,b,c e[l;2]=> t = — + — e[l;4l 
c c c c 


Bay gib ta xet ham so /(f) = 


Tir do suy ra min /(f) = /(1) = -. 

J „[YA) J 6 


- co f\t)= / ^ t + ^\ 2 > 0,Vf e [l;4] 


(f 2 +4f + l) 


Tir do suy ra gia tri nho nhat cua P bang — khi a = b = \;c = 2. 

6 


BAI TAP DE NGHI 

1.1. Cho x,y,z> 0 thoa man x + y + z = 1. Tim gia tri nho nhat cua bieu thuc 

P = 2 ( jc 2 + y 2 + z 2 ) - - 9jc + 2012. 

1.2. Cho x, y,zla ba so thirc thuoc doan [l;9]va x = max (x, y,z.). Tim gia tri Ion nhat va gia 
tri nho nhat cua bieu thuc 

x+2y y+z z+x 

1.3. Cho cac so thuc x, y thay doi va thoa man (x + y ) 3 + 4xy > 2 . Tim gia tri nho nhat cua 
bieu thuc 

P = 3(x 4 + y 4 +x 2 y 2 )-2(x 2 + y 2 ) + l. 

1.4. Cho x, y la cac so thuc thay doi. Tim gia tri nho nhat cua bieu thuc 

A= V(x- 1 ) 2+ y 2 +V(x+i) 2 + y 2 +1 j- 2|. 

1.5. Cho cac so thuc khong am thoa man a + b + c = 1. Tim gia tri nho nhat cua bieu thuc 

M = 3 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + 3(ab + bc + ca) + 2\la 2 +b 2 +c 2 . 

1.6. Cho cac so thuc khong am x, y thay doi va thoa man x + y = 1. Tim gia tri lbn nhat va gia 
tri nho nhat cua bieu thuc 

5 = (4x 2 + 3y )(4y 2 + 3x) + 25xy. 

1.7. Cho x, y la cac so thuc thay doi thoa man dieu kien x 2 + y 2 = 1. Tim gia tri lbn nhat, gia 
tri nho nhat cua bieu thuc 

p _ 4x 2 + 2xy -1 
2xy-2y 2 +3 
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Cho x, y > 0 thoa man x 2 y + xy 2 = x + y + 3xy. Tim gia tri nho nhat cua bieu thiic 
^ (l + 2xy) 2 -3 

2xy 


P = x +y +- 


1.9. Cho a,b,c>~— thoa man a + b + c = 3. Chung minh rang 

p _ 26-5a | 26-5 b | 26-5c ^ 9 
_ 5a 2 +2 5b 2 +2 5c 2 + 2~ 

1.10. Cho x,je(0;l);r + j = l. T im gia tri nho nhat cua bieu thiic P = x x + y y . 

1.11. Cho x, y > 0 vbi x + y = 2 . Chiing minh rang 

x 2 y 2 (x 2 + y 2 )< 2. 

1.12. Cho x, y, z la cac so thuc duong co tong bang 1. Chiing minh 

l(xy + yz + zx)<2+9 xyz. 

1.13. Cho cac so thuc duong a , b, c thuoc doan [l; 2]. Chiing minh rSng 

a 3 +b 3 +c 3 < 5 abc. 

1.14. Cho x,y la 2 so thuc thay doi thoa man x 2 +xy + y 2 <3. Tim gia tri ldn nhat, gia tri nho 
nhat cua bieu thiic 

P = x 2 -xy + 2y 2 . 

1.15. Cho cac so thuc a, b, c thay doi thoa man a 2 + b 2 + c 2 = 1. Tim gia tri ldn nhat, gia tri nho 
nhat cua bi 8 u thiic 

P = a 3 + b 3 + c 3 - 3abc. 

1.16. Cho 0 < a < b < 1. Chiing mi nh rang 

a 2 In b - b 2 In a > In a - In b. 

1.17. Cho cac so thuc khong am a,b,c co tong bang 1. Tim gia tri ldn nhat, gia tri nho nhat 
cua bieu thiic 

P = {a -b){b -c)(c - a). 

1.18. Cho 3 sd thuc duong a , b, c thoa man 21 ab + 2be + Sea < 12. Chiing minh rang 

1 2 3 5 

abc 2 

1.19. Cho x, y la 2 sd thuc thoa man 0<x<y,0< y<|. Chiing min h rang 

cos x + cos y < 1 + cos (xy). 

1.20. Cho a,b,c la do dai 3 canh cua mot tarn giac co chu vi bang 3. Chiing minh rang 

3(a 2 +b 2 +c 2 ) + 4abc>l3. 

r f 0 <x<y<z^l 

1.21. Cho cac sd thuc x, y, z thoa man < . Chiing minh rang 

' [3x + 2y + z < 4 
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1 . 22 . 

1 . 23 . 

1 . 24 . 

1 . 25 . 

1 . 26 . 

1 . 27 . 

1 . 28 . 


1 . 31 . 

1 . 32 . 

1 . 33 . 


3x 2 + 2y 2 + z 2 <Y- 

Cho cac so thuc khong am x, y, z c6 tong bang 1. Chung minh rang 

Cho cac so thuc x, y khong nho han 1. Tim gia tri nho nhat cua bieu thuc 

O-OU-i) 

Cho cac so thuc x,y e [-3; 2] va thoa man x 3 + y 3 = 2. Tim gia tri Ion nhat, gia tri nho 
nhat cua bieu thuc 

P = x 2 + y 2 . 

Cho cac so thuc khong am a,b,c va khong dong thbi bang khong. Tim gia tri Ion nhat, 
gia tri nho nhat cua bieu thuc 

p_a 3 +b 3 +16 c 3 
(a + b + c ) 

Cho bon so nguyen thay doi thoa man \ < a <b <c < d <50. Chung minh 
a c 53 

—i— >-. 

b d 175 

Cho ba so duong x,y,z thoa man x + y + z < 1. Chung minh rang 

Cho cac so duong a, b, c c6 tich bSng 1. Chung minh ring 
a b c > 3^2 
yfl + a yfl + b y/l + C~ 2 

Cho a, b, c la ba so duong thoa man a 2 +b 2 +c 2 = 3. Chung minh rang 

1 1 1 

- 1 - 1 -_ 

2 -a 2-b 2—c 

Cho cac so thuc duong a,b,c. Chung minh rang 

(2 a + b + c) 2 + (2 b + c + a.y + (2 c + a + b)~ 

2 a 2 +(b + cf 2 b 2 +(c + a) 2 2 c 2 +(a + bf 
Cho cac so thuc duong a,b,cco tong bang 3. Chung minh ring 
1 1 1 ^ 2 ,2 2 

a b c 

Cho a,b,c la cac so thuc duong co tong bang 1. Chung minh rang 
a b c < 9 
1 + a 2 1 + b 2 1 + c 2 “10' 

Cho cac so thuc duong a,b,cco tich bang 1. Chung minh rang 


-> 3. 
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1 


1 


1 


A = - 


1 . 36 . Cho x,y,z la cac so thuc thoa man 


a 2 -a +1 b 2 -b +1 c 2 -c + l 

1.34. Cho hai so duong x, y c6 tong Mng 1. Tim gia tri nho nhat cua biSu thuc 

_ T. 

Vl-x V 1 ^ 

1.35. Cho cac so thuc x, y thoa man 0 < x < y < n . 

Chung minh rang (x 3 -6x)sin y < (y 3 -6y)sinx. 

(x+y + z = 4 
\xyz = 2 

Chung minh ring 183 -165>/5 <x 4 + y 4 + z 4 < 18. 

114 

1.37. Cho a, b > 1 la cac so thuc duong thay doi va thoa man — + — = — . Tim gia tri nho nhat 

a b 3 

cua bieu thuc 

P =-^ H- — + a~ + b~. 

1 + a 2 1 + b 2 

1 . a. u ~ *.a , .. [x 2 + y 2 -z 2 +xy-yz-zx = l 

1.38. Cho cac so thuc x, y, z thoa man dieu kien <j 

[y 2 + z 2 + yz = 2 

Tim gia tri ion nhat, gia tri nho nhat cua bieu thuc P = x 2 + y 2 + z 2 . 

1.39. Cho a,b,c la ba so thuc duong thoa man (a + c\(b + c) = 4c 2 . Tim gia tri ion nhat cua 

i .a ,, , a b c 

bieu thuc P = -h-+-. 

b + 3c a + 3c bc + ca 

1.40. Cho a, b, c la ba so thuc thoa man ab + be + ca = 1; a + b + c > 0. Tim gia tri Ion nhat cua 

, . x . , „ 4 a 3 + b 3 + c 3 - 3 abc 

bieu thuc P = -h -j— ---r-. 

a + b + c [a +b +c )(a + b + c ) 

1.41. Cho cac so thuc x,y,ze. [0;l]. Tim gia tri nho nhat cua bieu thuc 

P = (xy-y + lf +(yz-z + lf +(zx-x + l) 2 

1.42. Cho x, y la hai so thuc duong thoa man x 2 +y 2 = 2. Chung minh rang 

* 3 9 y 2 ^ a 

y x + 2 y 

1.43. Cho a,b la cac so thuc thoa man a > > 1. Tim gia tri nho nhat cua bieu thuc 

2 b ' 


b{a-b)' 
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, \y-x 2 >\ 

1.44. Cho x, y la hai so thirc thoa man < . Tim gia tri Ion nhat cua bieu thiic 

[3x 2 -2x+y<\ 

P = y 2 - 3 x 2 +2x. 

1.45. Cho x, y la cac so thuc khong am. Tim gia tri nho nhat cua bieu thiic 
P = x 3 +x 3 /(x 3 +2y 3 -3) + (y 3 -2) 2 -l 

1.46. Cho ba so thuc a,b,c (a ^ 0);a >b sao cho ham so y = 2ax 3 + 3bx 2 + 6cx + 12(a + b-c) 

a + b + c 


luon dong bien tren M . Tim gia tri nho nhat cua bieu thiic P = 


a-b 


1.47. Cho cac so thuc duong a,b,c co tong bang 3. Tim gia tri nho nhat cua bieu thiic 


a 3 +b 3 


b 3 + c 3 


b(3a 2 -4ab + llb 2 ) c[3b 2 -4bc + \\c 2 ) a(3c 2 -4ca + Ua 2 ) 

1.48. Cho a,b,c> 0 thoa man abc(a + b + c)~ = (ab + bc + caf . Tim gia tri nho nhat cua bieu 


thiic 

4a 3 +1 4b 3 +1 4c 3 +1 


1.49. Cho ba so thuc a, b, c thoa man a 2 + b 2 + c 2 = — (ab + bc + ca ) va khong co hai so nao 


dong thcri bang 0. Tim gia tri ion nhat, gia tri nho nhat cua bieu thiic P = 


{a-2cf 


1.50. Cho ba so thuc a, b, c thoa man a 2 + b 2 + c 2 = — (ab + bc + ca ) va khong co hai so nao 
dong thcri bang 0. Tim gia tri nho nhat cua bieu thiic P = - 


yjab + bc + ca 

1 . 51 . Cho a,b,c e [l; 2]. Tim gia tri ion nhat, gia tri nho nhat cua bieu thiic 
P = (a + i + c)(4 + I + f| . 

1 . 52 . Cho a, b, c e ^; 2 j . Chiing minh rang 8^ + — + —j>5^— + ^- + —j + 9. 

1 . 53 . Cho a,b,c la do dai ba canh mot tarn giac. Chiing minh rang 

3 f—+ —+ —l> 2 f—+ —+ —1 + 3. 
yb c a J yc b a J 

1 . 54 . Cho a,b,c> 0 thoa man a + b + c = 1. Tim gia tri nho nhat cua bieu thiic 

^ = —+ ^ + —• 

1 + a 2 1 + b 2 1 + c 2 
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1 . 55 . Cho x, y, z > 0 thoa man x 2 + y 2 + z 2 = 3 . Tim gia tri Ion nh at cua bieu thuc 

P = xy+ yz + zx-\ --- 

x+y + z 

1 . 56 . Cho x, y > 0 thoa man x + 2y - xy = 0. Tim gia tri nho nhat cua bieu thuc 
4+8 y l+x 

1 . 57 . Cho a,b,c> 0 thoa man a + b + c = 1. Tim gia tri nho nhat cua bieu thuc 

2 3 

- 2 - - ^ - 

a +b+c ab + bc + ca 

1 . 58 . Cho bon so thuc x, y,z,t thuoc doan I 


P = - 


■M 


Tim gia tri Ion nhat, gia tri nho nhat cua 


bieu thuc P = 9 


fx + zf+16^11 


PHlTONG PHAP S1J' DUNG BAT DANG THI C CO SI 
BAT DANG THlTC CAUCHY - SCHAWARS VA HOLDER 

BAT DANG THtTC CO SI 


Trong De thi TSDH cac bai toan BDT thudng cho 3 bien so , nen ta chi can su dung chac 2 ket 
qua sau. 

Vdi 2 so khong am a,b ta co 
2 

Dau bang xay ra khi va chi khi a = b. 

Vdi 3 sd khong am a,b,c ta co 

Dau bang xay ra khi va chi khi a = b = c. 

Ngoai ra ta co cac ket qua sau 


1 1 4 

- + (a,b> 0). 

a b a + b 

C. 1 

1 + a 1 + b l + yjab 


(a,b> 0). 


(a + b + c ) 2 >3(ab + bc + ca),Va,b,c eR. 

(o+4+c) [I + l + ij i9 . 
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BAI TAP MAU 


Bai 1. Cho x, y, z la ba so thyc dirong thay doi. Tim gia tri nho nhat cua bieu thiic 


■(KMHMK 


Loi giai: 

Ta co 


p = ^ + J_i + Jx + ±') + /i + i. 

U yzj \2 zx) {2 xy 

x 2 x y 2 y z 2 z 

= —+— + —+ —+ — + — 

2 yz 2 zx 2 xy 



f IJL+I zLf 

' y 1 


)+f—■ 


u 

2 xy 2 zx) \ 

v 2 

2 xy 2 yz y 

)U 

2 yz 2zx) 


IJL 

I 2 2 xy 2 zx ]j 2 2 xy 2 yz ^ 2 2 yz 2 zx 2 
Dang thiic xay ra khi va chi khi x = y = z = 1. 

9 

Vay gia tri nho nhat cua P bang — khi x = y = z = 1 . 

Bai 2. Cho x, y, z la cac so thirc duong thoa man — + — + — = 4 . Chiing minh rang 

x y z 

1 1 1 

- 1 - 1 -< 1 . 

2x+y+z x+2y+z x+y + 2z 


Loi giai: 

Ta co 


XX x + x 

i + I>^ 

y z y+z 

Cong theo ve 2 bat ding thiic tren ta suy ra 

2 1 1 J 1 1 V 16 


2 x+y + z 


1 1^/ 1 1 

--+->4 —+- 

y z ^2x y + ; 

Mot each tuong tu, ta co 

211 16 

-+-+->- 

y z x 2y+z+x 

2 11 16 

-+-+—>- 

z x y 2 z + x + y 

Cong theo ve ba bat dang thiic ta co dieu phai chiing minh. 
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Dang thuc xay ra khi va chi khi x = y = z 


3 

A 


Bai 3. Cho cac so duang x, y, z thoa man xyz = 1. Chung minh ring 
■sjl + x 3 + y 3 | y]l +y 3 + z 3 | Vl + Z 3 +X 3 
xy yz zx 


Loi giai: 

Su dung BDT Co si cho 3 so duang ta co 
1 + x 3 + y 3 > 3%Jl.x 3 .y 3 = 3xy, suy ra 
yjl+x 3 + y 3 ^ ^3xy 
xy xy 

Mot each tuong tu ta co 2 bat ding thuc 
x/l + y 3 +z 3 > J3yz 
yz ~ yz 

yjl+z 3 +x 3 > yl3zx 
zx zx 

Cong theo ve 3 bat dang thuc tren, va de y 

Tac6dpcm . 

xy yz zx \ xy yz zx 

Dang thuc xay ra khi va chi khi jc = y = z = 1. 


Bai 4. Chung minh rang neu 0 < y < x < 1 thi x-Jy - yyfx < 


Loi giai: 

BDT da cho tuong duang vdi 
^+yjx>xjy 

Do 0<x<l=>Vx>x 2 , vay ^ + y4x > ^ + yx 2 > 2^.yx 2 = Xy[y. Ta co dpem. 

Dang thuc xay ra khi va chi khi x = 1; y = —. 

_ 4 _ 

Bai 5. Cho 2 so duang thay doi thoa man x+y> 6. Tim gia tri nho nhat cua bieu thuc 
„_3 x 2 +4 2+y 3 


Loi giai; 


Ta co 
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„ 3* 1 2 

P = — + — + — +y = 

4 x y v4 x 




2 |y|y ],*+y 

y 2 4 4) 2 


>2 k.i +3 4.yAi. 

U x ijy 2 4 4 2 2 

Dang thuc xay ra khi va chi khi x = 2, y = 4. 

9 

Vay gia tri nho nhat cua P bang —. 


Bai 6. Cho x, y la cac so thuc khong am . Tim gia tri Ion nhat, gia tri nho nhat cua bieu thuc 
(l + xf(l + yf 


Loi giai; 

Vi x, y > 0 nen ta c6 

|(A-y)(l-xy)|<|(x+y)(l + xy)|=(A + y)(l + xy). 
T , IdI^ ( x+ y)i l + x y) (x+y)(l + xy) 

(l + x)”(l+ y)“ (x+y + l + xy) 

Mat khac ta lai co 

(x+ y + l + xyf >4(jc + y)(l + Ay)=>|P|<^-. 

Tu do suy ra < P < —. 

4 4 

Vdi x = l;y = 0 thi P = —. 


Vdi a = 0; y = 1 thi P = 


1 


Bai 7. Cho cac so duong a, b, c thoa man a 2 + b 2 + c 2 = 1 . Tim gia tri nho nhat cua bieu thuc 

„ ab ca be 
P = — + — +—. 
c b a 

Loi giai: 


Ta co 

n2 a 2 b 2 b 2 c 2 a 2 c 2 _/ 2 ,2 2 \ 

P — “ h '—-—1 --— + 2 ( CL ~\~b + c I 

c- a 2 b 2 y ’ 

Su dung bat dang thuc Co sic ho moi bo hai so duong ta co 
a 2 b 2 b 2 c 2 , b 2 c 2 a 2 c 2 _ 2 a 2 b 2 a 2 c 2 _ 2 

c 2 a 2 r b 2 c 2 b 2 

Cong theo ve cac bat ding thuc tren ta duoc 
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P , >4(.'rfK , ) = 4»P>l 
Dang thuc xay ra khi va chi khi a = b = c = 

Vay gia tri nho nhat cua P bang 2. _ 

Bai 8. Cho ba so thuc duoug a,b,cco tong bang 1. Tim gia tri Ion nhat cua bieu thuc 

P = x+Jxy+lfxyz. 

Loi giai; 


P = x + ^x.4y +^x.4yA6z 
Sir dung BDT Co si ta co 

P< A + -(x + 4y) + — (jc + 4y + 16z) =— (x+y + z) =-. 

4 v y) 12 v y ) i 2 v y ) 3 

Dang thiic xay ra khi va chi khi 
16 


4 

1 

Z ~ 2 \ 



Yay gia tri Ion nhat cua P bang - 


Bai 9. Cho cac so khong am a,b,c,d chu'ng minh rang 
16 (abc + bed + eda + dab ) <(a + b + c + df 

Loi giai: 


Ta co 

16 (abc + bed + eda + dab ) = 16 ab(c + d) +16 cd (a + b ) 

<4(a + &) 2 (c + d) + 4(c + d) 2 (a + b) 

= 4 (a + b)(c + d)(a + b + c + d) 

<(a + b + c + df. 

Dau bang xay ra khi va chi a = b = c = d. _ 

Bai 10. Cho cac so thuc khong am a,b,c,d,e co tong Mng 5. Chung minh ring 
abc + bed + ede + dea + eab < 5. 

Loi giai: 

Khong mat tinh tong quat ta gia sue e = min (a,b,c,d,e) 
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Ta co 

abc + bed + dee + cea + eab = e(a + c){b + d) + bc(a + d-e) 

< J^a + b + c + d 'J + ^b + c + a + d-e J _^5-e ^ 2 + ^5-2e J 

Ta chi can chung min h 

e {^¥) + (~r) - 5 °( c - i ) j ( e+8 )-°- 

Dau bang xay ra khi va chikhi a = b = c = d =e = 1. _ 

Bai 11. Cho cac so thuc khong am a,b,cco tong bang 3. Chu'ng minh rang 
y[a + yfb + yfc > ab + be + ca 

Loi giai: 


Taco a+b + c = 3=>2 (ab+bc + ca) = (a+b + c) 2 a 2 +b 2 + c 2 ) 

= 9-{a 2 +b 2 +c 2 ) 


Vay ta chi can chung minh 

l{y[a + yfb + 4c ] + (« 2 +b 2 + c 2 ) > 9 

Sir dung BDT Co si cho moi bo 3 so duong ta co 

a 2 + yfa + 4a > 3a;b 2 + \fb + Jb >3b;c 2 +y[c +Jc >3c 

Cong theo ve cac bat ding thuc tren ta duoc 

l{^[a +y[b + yfc ) + (a 2 +b 2 +c 2 )> 3(a + b + c) = 9. 

Dau bang xay ra khi va chi khi a = b = c = 1. 


Bai 12. Cho x, y, z la cac so thuc duong thoa man xyz >xy + yz + zx. Chung minh 
xyz>3(x+y + z). 

Loi giai: 


Theo gia thiet ta co 

[xyz) 2 > (xy + yz + zx) 2 , mat khac ta lai co 

(.xy + yz + zx)~ >3 (xzy 2 + yxz 2 + yzx 2 }=3xyz(x + y + z) 

Tir 2 bat dang thuc tren ta co dpem. 

Dang thuc xay ra khi va chi khi x = y = z = 3. 


la cac so thuc duong. Chung minh rang 
2 (x+y+z) 




ifxyz. 


Loi giai: 


623 

Dang Thanh Nam 

Auditing 51a, National economics University, Ha Noi, Viet Nam 












GTLN-GTNN VA CHUNG MINH BAT DANG THUC 


BDT da cho tuong dircmg vdi 




\y 

Be y 


- + - + ^|> 
y 


z y)^2(x+y + z) 


tfxyz 


tfxyz 


Sir dung BBT Co si cho moi bo 3 so duong ta co 

^ + ^ + l>3-^ ; l + i + l>3- 7 ^^ + ^ + l>3 
y z IJxyz z x Zjxyz x y 

Cong theo ve 3 bat ding thuc tren ta duoc 


\[xyz 


(rhiM 


- + ± + Z| + 3£ 


> 3(x+2+z) 


tfxyz 


Lai co X+ Z—^ . 3, tu do ta co dpcm. 

\Jxyz 

Bau bang xay ra khi va chi khi x = y = z . 

Bai 14. Cho a,b,c la do dai 3 canh cua tam giac co tong bang 3 . Chung minh ring 
1 1 1^9 

I = H — , = H — , = ^- 

yja+b-c yjb + c-a yc + a-b ab+bc + ca 

Loi giai: 


Bat x = \/a + b-c',y = 'Jb + c-a;z = yJc + a-b. 

Thi ta co x 2 + y 2 + z~ = a + b + c = 3 . 

BBT tuong duong vdi 

111 36 

- + — + ->-—-—-— 

xyz 9 + x y +y z +z x 

<=> (9 + x 2 y 2 + y 2 z 2 + z 2 x 2 }(xy + yz + zx) > 36 xyz 
Su dung BBT Co si ta co 
xy + yz + zx > ^(w) 2 

9 + x 2 y 2 + y 2 z 2 + z 2 x 2 > 12 l ij(xyz) 4 

Nhan theo 2 ve cua 2 bat dang thuc tren, ta co dpcm 

Bang thuc xay ra khi va chi khi a = b = c = 1. _ 

Bai 15. Cho cac so thuc duong a,b,c. Chung minh rang 

1 1 1 ^ 1 

a^+b^+abc b i +c i + abc c 2 +a i +abc abc _ 

Loi giai; 
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Ta co a +b> ab(a + b)=> a +b + abc > ab(a + b + c)~ 


T uong tu ta cung co 

abc , a abc 


a^+tf+abc a + b + c 


b +c + abc a + b + c c +a + abc a + b + c 
Cong theo ve cac bat dang thuc tren ta co dpcm. 

Dau bang xay ra khi va chi khi a = b = c. 

Binh luan: Mot bai tirong tir 

Cho cac so thuc a,b,c thoa man a+b + c = 0 . Chung minh rang 
1 1 1 

\ - + ~b - 7 -+ ~- 7 - - 1 

8 2 +8 2 +1 8 2 +8 2 +1 8 2 +8 2 +1 

Bai toan nay duoc giai quyet Mng each dat x = 2 2 ,y = 2 2 ,z = 2 2 => xyz = 2 2 =1 


Bai 16. Cho ba so thuc duong x, y, z thoa man — + — + — = 1 . Chung minh 

xyz 


<Jx+yz+sly + zx + ylz + xy >y[xyz+y[x + y[y+^fz. 


Loi giai; 

1,1 1 , 

Bat a = —;b = — ;c = — => a + b + c = 1. 
xyz 

Bat dang thuc can chung minh tuong duong voi 
yjbe + a + y/ca + b + yjab + c > 1 + y[ab +\[bc +yfca 
Ta co 

yjbe + a = yjbc + a(a + b + c ) = ^(a + h)(a + c) > yj(a + y/bcj~ =a + yjbc 
Mot each tuong tu ta co 
yjea + b >b + 4ca 
yjab + c >c + yfab 

Cong theo ve 3 bat ding thuc tren, vadey a + b+c = l.Ta suy ra dpcm 
Bang thuc xay ra khi va chi khi x = y = z = 3. 


Bai 17. Cho cac so thuc khong am a, b, c thoa man ab + be + ca = 1 . Chung minh 
Vl + fl 2 +yll+b 2 +>/l + C 2 <2(a + b + c). 

Loi giai: 


Vl + a 2 =\lab + bc + ca + a 2 ~^[a+c)[a + b) <- 
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Mot each tuong tu ta co 
2 

_ 2 

Cong theo ve cac bat dang thiic ta co dieu phai chiing minh. 

Dang thiic xay ra khi va chi khi a = b = c = — 
v3 


Bai 18. Cho cac so thuc duong a,b,c. Chiing minh rang 


a + b + c > 
'Jb + c yjc + a y/a + b V 

(a + b + c). 


= >3. 


Loi giai; 

De thay bat dang thuc dung voi bo 3 so ( a,b,c ) thi cung dung voi bo 3 so (ka,kb,kc),k > 0. 
Vay khong mat tmh tong quat ta chiing minh bat dang thiic vdi a+b+c = 6. 

Ta phai chiing minh bat dang thiic 
a b 

V6-a y]6-b V6 -c 

Bat x = ^6-a;y = yj6-b;z = V6-c => x + y 2 + z = 12 => x + y + z < 6. 

Ta can chiing mi nh 

“ — + ~ — + ~ — >3<=>6| —+ —+ — |-(x + y + z)>3. 
a y ' z {x y - 

That vay bat dang thiic nay luon dung. 

Do 6 f — + — + —1 - (a + y + z) >— 

lx y zj x+y + z 

Bang thiic xay ra khi va chi khi a = b = c. 

Bai 19. Cho cac so thuc khong am a,b,c khong dong thbi bang khong. Tim gia tri nho nhat cua 


(A + y + z)>9-6 = 3. 


y+z Vz+a \A+y 


Loi giai; 

Sii dung bat dang thiic Co si ta co 

x + y + zZ2y]x(y + z) =>!-?—>— 

y y + z A + y + z 

Mot each tuong tu ta co 
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07 > ^ ;G7> 2 * 

\z + x x + y + z yx+y x + y + z 

Cong theo ve ba bat dang thiic tren ta suy ra P> 2. Nhan thay x = y = l,z=0 dau bang xay ra. 
Vay gia tri nho nhat cua P bang 2 khi 2 so bang 1 va mot so bang khong. 


Bai 20. Cho cac so thuc dirong x, y, z. thoa man x(x + y + z) = 3 yz . Tim gia tri Ion nhat cua bieu 
thiic 


' jc+y Y ( x+z Y 3 (x 2 +xy + yz + zx) 
y + z) + U + zJ + (y + zf 


Loi giai; 


x + y , x + z 2 ,2 , 

Dat a =- ,b = - =>a +b -ab = 

y+z y+z 


fx++) 

+ 
K 1 

4 

UzJ 

ly + z) 


Suyra ( a + b ) 2 = l + 3ab < l + -^(a + b) 2 => a + b< 2 

Taco P = a 3 +b 3 +3ab = a + b + 3ab<2 + ^(a + b) 2 =5 
Dau bang xay ra khi va chi khi a = b = \^>x = y = z = \. 


Bai 21. Cho x, y, z la cac so thuc khong am thoa man x + y + z = 2. Tim gia tri lbn nhat cua bieu 
thiic P = 5xy + lyz + Szx. 


Loi giai: 


Taco P = 5xy + 7yz + 8zx = 3x(y + z) + 2y(z + x) + 5z(x + y) 


= 3x(2-x) + 2y(2-y) + 5z(2-z) = l = 10-(3(l-A) 2 -2(l-y) 2 -5(l-z) 2 ) 


340 \ 2 300 n/1 \ 2 450 N 2 180^ 

31 { K ’ 961 V ’ 961 V ' 961 J 

340 f 60v 60 / v 60 / ^ 340 60 /o % 

£ +riir( 1 -9 + ir( 1 -9 + IT (‘-9j=^5 T (3— 

Dau bang xay ra khi va chi khi x = — ; y = — ;z = —. 

31 31 31 


280 

31 


Vay gia tri lbn nh at cua P = . 

Binh luan : De co dugc bien doi b (*), ta tim cac so thuc a, b, c thoa man 
5xy + lyz + %zx = a.x(y + z)+b.y(z + x) + c.z(x + y) 
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Bai 22. Cho a,b,c la cac s6 thuc dircmg thoa man abc = 1. Chung minh rang 


a + b + c ab + bc + ca 


Loi giai: 

Cach 1: 

Taco [ab+bc+ca) 2 >3abc[a+b+c) = 3[a + b+c)^> ab+bc + ca> <j3(a +b+c) 

Suy ra---< 2. --- 

ab + bc + ca V a + b + c 

Vay ta chi can chung minh 

14---2 ---> 0 <=> J---1 >0 luon dung 

a + b + c \a + b + c ^Va4-Z?4-c J 

Vay ta co dpem. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Cach 2: 

Bat a = — \b = — ;c = — do abc = 1 xyz = 1 
x y z 

Bat dang thuc can chung minh trd thanh 


xy + yz + zx x+y + z 
Theo bat dang thuc co si ta co 
(x4-y4-z) >3[xy + yz + zx) 

3 9 

Suy ra 14-> 14- j 

xy + yz + zx ( x + y + z j 

Vay ta chi can chung minh 

14---^ >---oil---] > 0 luon dung 

[x+y + z) x+y + z { x+y + z) 

Vay ta co dpem. Bang thuc xay ra khi va chi khi a = b = c = 1 . 

Bai 23. Cho a,b,c > 0 . Chung minh rang 

a ^ b | c < l| r l 1 I"! 

3a 1 +2b 2 +c 1+ 3b 1 +2c 2 +a 2 + 3c 2 +2a 2 +b 2 ~ 6^a + b + c) 


Loi giai; 

Ap dung bat dang thuc co si ta co 

3 a 2 +2b 2 +c 2 = 2 [a 2 +b 2 ) + [a 2 + c 2 )> Aab + 2ac = 2a[2b + c) 
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3a 2 + 2 b 2 + c 2 2 2 b + c 
Lai co 


(2fc + c )f2 + i'l>3^.3|fL=9^-.— <-^4 

' \b c) He 2 2b+c 18 \b c 

‘ _s-L(l + I 

2 b 2 +c 2 18^6 c 


Suy ra 


3a 2 +2Z?' 

Tuong tu ta chiing minh dugc 
b ^ 1 (2 1 


36 2 + 2c 2 + a 1 181 c a 




3c" +2a" + 6" 

Cong theo ve cac bat ding thuc tren ta suy ra dpem. 
Dang thuc xay ra khi va chi khi a = b = c. 


Bai 24. Cho x, y, z > 0 thoa man x + y + \ = z ■ Tim gia tri Ion nhat cua bieu thuc 

p=_T/_ T 

(x+yz)(y + zx)(z + j<y) 


Loi giai; 


Ta co 

x+zy = zy + z-l-y = (y + l)(z-l) = (y + l)(x+y) 
y + zx = zx + z-l-* = (z-l)(*+l) = (* + l)(*+y) 
z + xy = xy + x+y + l = (;c+l)(y + l) 


Vay P = - z -- 

(x + yz)(y + zx)(z + xy) 

Theo bat dang thuc co si ta co 
(x + y) >4xy 


(x+y)‘(x + l) (y + 1) 


fl = - + - + l>33 — =>(x+lY> —— 
2 2 V 4 V ' 4 


= ? + ? 
2 2 
Tu do suy ra 


l= Z + Z +1 ^ My+lf> _^. 
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^ 4 

(x + y) 2 (x + l) 3 (y + l) 3 “729' 

4 

Vay gia tri lan nhat cua P bang . Dang thiic xay ra khi x = y = 2; z = 5. 

Bai 25. Cho a,b,c> 0. Chung mi nh rang 

l-^c^+co^ > abc + %j(a 3 + abc^[b 3 + abc^c 3 +abc^j 

Lai giai; 

Chia hai ve bat dang thiic cho abc bat dang thiic can chiing min h tuang duang vdi 



Den day ta dat 


be ca ab 

x = — -,y = — ;z = —r=>xyz = 1 
a b c 

Vay ta can chiing minh 

j3 + x + y + z + ^ + ^ + ^>l + l/(l+x)(l+y)(l + z) 

Oy/3 + x+y + z + xy + yz + zx >1 + ^/2 + x+y + z + xy+yz + zx 

Dat t = %j2 + x+y + z + xy + yz + zx > lj&$]x 3 y 3 z 3 = 2 
Ta can chiing minh : 

Vt^+1 > 1 +1 <=> t 3 + l>l + 2t + 1 2 <=> t 3 -t 2 -2t > 0<=> t(t-2)(t + l) >0 luon dung 
Vay ta co dpem. 

Bai 26. Cho a,b,c la cac so thuc duong thoa man (\ -a)( \ -b)( \ -c) = Sabc 
Chiing minh rang a+b + c> 1 

Lai giai: 

Neu co mot so ldn hon 1, khi do do a,b,c> 0nen a+b+c> l,taco ngay dieu phai 
chiing minh. 

Vay xet ca 3 so nho hon 1 
Gia thiet co : 

(l-a)(l-fr)(l-c) = 8 abc => -——— = 8 
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rp 1 -a 1 -b 1 -c „ _ 

Ta dat x =-; y = -; z =-=> x, y, z > 0; xyz = 8 

abc 

Bat dang thuc can chiing minh tuong dirang vai 

- H—— H—— >l<^>x+y + z>6 luondung 
x+l y+ 1 z+1 

Do x+y + z> 3^] xyz = 6. Ta co dpcm. 


Dang thuc xay ra khi va chi khi a = b = c 


1 

3' 


Bai 27. Cho a,b,c> 0 thoa man a 2 + 2 b 2 + 3 c 2 = 3abc . Tim gia tri nho nhat cua bieu thuc 


P — 3 a + 2 b + c H-1- 


4 

c 


Loi giai: 

Theo gia thiet ta co 

a 2 + 2 b 2 + 3c 2 = 3abc o 3 abc = a 2 + c 2 + l(b 2 + c 2 ) > lac + Abe = 2c( a + lb) 
=^> 3 ab > 2{a + 2b ) 


2 HHH. 


Tu 3ab > 2(a + 2b) •» — > — + — > —-— <=> 2a + Z? > 6 
v ; 2 b a 2a + b 

Tir do suy ra P > 21. 

Dang thuc xay ra khi va chi khi a = b = c = 2. 


Bai 28. Cho a, b, c> 1 thoa man a + b + c = abc. Tim gia tri nho nhat cua bieu thuc 

„ a—2 b-2 c—2 

P = — r-+^^ + — 


Lol giai; 


( a -l) + (*-l) 1 , (fr-l)+(c-l) 1 , (c-l)+( a -l) 1 


^ 2 (q-l) 2 (fc— 1) 2 (c— 1) ri.l.n fl.1.1 


ab be 

Lai co theo gia thiet 


,ri + i + iur-L + -L + i; 

ya b cj yab be ca 
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, , 111, 

a + b + c = abc =>-1-1-= 1 

ab be ca 


Vay P>-+-+--2> \?>{— + — +—) -2 = V3-2 
abc \ \ab be caJ 

Dang thuc xay ra khi va chi khi a = b = c = y/3 . 


Bai 29. Cho x, y la cac so ducmg thoa man 2x + 3y = 5 . Tim gia tri nho nhat cua bieu thuc 

2y 3x * l 2 * 

Loi giai; 


Taco P> 


l + xy-l | l + V^V— l _x | yjy 

2 y 3x 2 2 3jx 

Theo bat dang thuc co - si ta co : 

* , y>/y , fx , yy/y [ yy/y) 

2 3 \fx 3 I 6 6^[x 6^[x I 


Vay gia tri nho nh at cua P bang — khi va chi khi x - y = 1. 

6 

Bai 30. Cho a, b, c la cac so thuc khong am thoa man a + b + c = \[5 . Chung minh rang 

\(a 2 -b 2 )(b' -c 2 )(c- -a*)\<sl5 . 


Loi giai; 

Gia su a = min(a,Z?,c)=>Z? + c = >/5-a<\/5 
Va dat P = |(a 2 -b 2 )(b 2 -c 2 )(c 2 -a 2 )\ 
^P 2 =(a 2 -b 2 f(b 2 -c 2 ) 2 (c 2 -a 2 ) 2 
<b 4 * 6 c 4 [b 2 -c 2 ) =b 4 c 4 (b-c) 2 (b + c)~ 

< 5 b 4 c 4 (b-cf 

Su dung bat dang thuc co si ta suy ra 
5 b 4 c 4 (b-c) 2 = 5bc.bc.bc.bc(b-c) 2 
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S5 


4 bc + (b-cy 
5 

Suy ra P < ^5 

Dang thuc xay ra khi va chi khi a = 0,b 


_ 1 +V5 a/5-1 


hoac cac ho an vi. 


Bai 31. Cho ba sd duong a, y, z thoa man a > l,y > 2,z > 3va — 

x 

cuabieuthuc P = (A-l)(y-2)(z-3). 


2 3 

■ — + — >2. Timgia triIon nhat 

y z 


Loi giai; 

Tic gia thiet va sir dung bat dang thuc co si ta suy ra 


i>l-2 + i_l = Z^ + lz3> 2 

ly-2 z-3 

x y z y z \ 

l~-~ 

l SI .I +1 .2_izi + £z2 a J 

y x z x z V 

A — 1 z -3 

A Z 

3.1 1 , 2 *-l 

/ a — 1 y-2 

z x y a y \ x y 

Nhan theo ve ba bat dang thuc tren ta suy ra 

P = (A-l)(y- 2 )(z- 3 )<|. 



BAI TAP DE NGHI 

1.1. Cho a,b,c> 0. Chung minhrang ( a + b)(a + c)> 2^jabc[a+b + c) 

1.2. Chung minh rang vdi moi so thuc a,b ta luon co 

1.3. Cho x, y > 0. Tim gia tri nho nh at cua bieu thuc 
p _ x 3 + y 3 +lxy(x+y) 

W 2 h !+ ^ 2 ) 

1.4. Chung mi nh vdi a > b > 0, ta co 

a + --- f >3. 

(a-b)(b + lf 

1.5. Cho cac so thuc duong a, b, c thoa man —*— + —> 2. 

1 + a 1 + b l + c 
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Chung minh 8 abc <1. 


1.6. Cho a,b,c> 0 va a 2 + b 2 + c 2 = 3. Chung minh rang —+—+—+a+b+c> 6. 

b c a 

1.7. Cho cac so thuc duong a , b,c thoa man a 2 + b 2 + c 2 + (a + b + c) < 4. Chung minh rang 

ab +1 bc + l ca +1 

-- +-7 +-;r>3 

(a + b)" (b + c)" (c + a)~ 

1.8. Cho a,b,c> 0 thoa man — + — + — = 1. Tim gia tri nho nhat cua bieu thuc 

abc 

„ b + c c + a a + b 

P = —— +—— +—=— 
a b c 

1.9. Cho a,b,c> 0 thoa man a+b + c = 3. Tim gia tri nho nhat cua bieu thuc 


P = a 3 + b 3 + c 3 + a 2 + b 2 + c 2 + abc . 

1.10. Cho cac so thuc duong a,b,c. Chung minh rang 

1 1 14(1 1 if 

-1-1-> —-1-1- 

ab be ca 3 ya + b b + c c+ a) 

1.11. Cho x>2,y>3,z>4. Tim gia tri Ion nhat cua bieu thuc 

p_ xyy!z-A + yz4x^2 + zx^y-3 
xyz 

1.12. Cho a, b, c la do dai ba canh mot tarn giac. Chung minh rang 

a b c ^ , 

3 a-b + c 3b-c + a 3c-a + b 

1.13. Cho bon so thuc duong a, b,c,d . Chung minh ring 

a-d+d-b+b-c+c-a 
a+b b + c c + a a + d 

1.14. Cho ba so thuc duong a, b, c c6 tfch bing 1. Chung minh ring 

1 1 11 

- 0 - 0 - 1-T- 1 -1- 0 - 5- — -• 

a + 2 b + 3 b~ + 2c +3 c + 2 a +3 2 

1.15. Cho cac so thuc a,b,c c6 tong bang khong. Chung minh 

8" + + 8 e > 2“ + 2 6 + 2 C 

1.16. Cho cac so thuc duong a,b,c c6 tong bang 1. Chung minh 


a b c 3 
- 1 - 1 -^ —. 

a+1 b +1 c+1 4 

1.17. Cho a,b,c la do dai 3 canh mot tarn giac. Chung minh rang 


abc a+b-c b+c-a c+a-b 

1.18. Cho a,b,c la do dai 3 canh mot tarn giac. Chung minh rang 
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1 1 1 


i 


i 


9 1 

- 1 - 1 - 1 - >4 - 1 - 1 - 

abc a+b+c ya + b b+c c+a 


1.19. Cho x, y, z la cac so thyc throng co tlch bang 1. Tim gia tri Ion nhat cua bieu thuc 

„ x+y+1 y + z + 1 z + x+l 

x 2 +y 2 +l y 2 + z 2 +1 z 2 + x 2 +1 

1.20. Cho ba so thyc throng a, b, c thoa man abc = 1. Chung minh ring 

l + ab 2 1 + bc 2 1 + ca 2 > 18 

~c^ + ~a^ + ~^~ a 3 +b 3 +c 3 

1.21. Cho a,b,c> 0 thoa man ab + bc + ca = 1 abc . Tim gia tri nho nhat cua bieu thuc 

8a 4 +1 108& 5 +1 16c 6 +1 


P = - 


1 


1.22. Cho a,b,c> 0 thoa man a + b + c = — . Tim gia tri nho nhat cua bieu thuc 


j (a + b)(b + c) 

| (b + c)(a + c) 

1 (a + c)[a + b ) 

j [a + b)[b + c) + a + c y 

(b + c)[a + c) + a + b y 

(a + c)[a + b) + b + c 


1.23. Cho x, y, z > 0. Chung mi nh rang 


xyz^x + y + z + yjx +y +z J 3 + ^ 

(x 2 + y 2 +z 2 )(xy + yz + zx) 9 

1.24. Cho cac so thyc throng x, y, z thoa man x+y + z- xyz ■ Chung minh rang 
(j 2 -l)(3. 2 -l)(z , -l)£^ ! +l)(j. 2 +l)(z 2 +l) 

1.25. Cho cac so thyc khong am x, y, z thoa man xy + yz + zx = 3. Tim gia tri nho nhat cua bieu 
thuc P = x 2 y i + y 2 z 3 + z 2 x 3 + (x-l) 2 +(y-l) 2 +(z-l) 2 

1.26. Cho cac so thyc throng x, y, z thoa man 13x + 5y + 12 z = 9. Tim gia tri Ion nhat cua bieu 

tMcP= ^- + Jy^ + J?L 

2 x+y 2 y + z 2 z + x 

1.27. Cho a,b,c> 0. Chung minh rang 

[a+b + c) 1 ^ 8^3 > 81 

abc yj a 2 +b 2 + c 2 a + b + c 

1.28. Cho a,b,c> 0 thoa man a + b + c - 1. Chung minh rang 

ab be ca 3yf2 


yj[l-cf[l+c) <J(l-af(l + a) \-bf[\+b ) 8 

1.29. Cho a,b> 1. Tim gia tri nho nhat cua bieu thuc P = ——f —— 

b -1 a -1 

1.30. Cho x,y,z> 1 thoa man xy+yz + zx> 2xyz.. Tim gia tri Ion nhat cua bieu thuc 

M*-i)6-i)6-i) 
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1.31. Cho x,y,z>0 thoaman x + y + z = 1. Chung minhrang 
9xyz +1 > 4(xy + yz + zx) 


BAT DANG THlTC CAUCHY - SCHAWARS 


Bat dang thuc nay co dang 

+ a 2 +... + ci n ^{by + b 2 +... + b 2 ^ > (^i^i "t" & 2 b 2 + + a n b n )~ j Vu ; . £ M. 

Be chung min h bat dang thuc nay ta xet tarn thuc bac 2 
f(x) = ^( a l x-b i ) 2 

= {a 2 + a 2 + ... + a 2 ')x 2 -2(a l b 1 +a 2 b 2 +... +a n b n )x+{b 2 + b 2 + ... + b n 2 ) > 0,Vx 

<=> A ' = (a x b x +a 2 b 2 +... + a n b n Y -(a 2 +a 2 + ... + a 2 ^{b 2 +b 2 2 + ... + b n 2 ) < O(dpcm). trong do co 

ft nhat mot so khac 0. 

Mot dang dac biet cua BDT nay rat hay dugc ap dung la 
a 2 a 2 a 2 (a l +a 2 +.. 




b x +b 2 + ... + b n 


, trong do cac so b [ > 0 . 


BAI TAP MAU 

Bai 1 . Cho x, y, z la cac so thuc duoug thay doi va thoa man dieu kien xyz = 1 . Tim gia tri nho 
nhat cua bieu thuc: 

P x{y + z) , y 2 (z + x ) 1 Z 2 (x+y) 

y A /y+2zVz z4z,+2z4x xVx+2 yjy 

Loi giai: 


Su dung BDT Co si cho 2 so duong ta co 

x 2 ( y + z) > 2 x 2 y[yz = 2x 2 .-^ = 2 x-Jx 
Vx 

Mot each tuoug tu ta co 

y 2 {z + x)> 2yjy;z 2 (x + y) > 2 z^fz. 

Bat a = xVx, b = yjy, c = zyfz , ta co abc = 1. 
Khi do ta can tim gia tri nho nhat cua 
p _ 2a | 2b | 2c 
b + 2c c + 2a c + 2b 
Ta co 


( a+b + c) 2 

a(b + 2c) b(c + 2a) c(c + 2h) J a(h + 2c) + h(c + 2a) + c(c + 2h) 
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Vay gia tri nho nhat cua P bang 2 xay ra khi x = y = z = 1. 

Bai 2. Chung minh rang voi moi so thuc x,y,z> 1 thoa man dieu kien — + — + — = 2. Chung 

x y z 


minh rang 


Loi giai: 


yjx + y + z > ■yjx -1 + yjy -1 + v/z-1. 


Theo gia thiet ta co 
x-1 y-1 z-l_ 


Sir dung BDT Cauchy - Schawars ta co 
, x-1 y-1 z-1 (V^l+^l + V^l)' 

x y z x+y + z 

<=> yjx— 1 + yjy- 1 + Vz-1 ^ yjx+y + z. Ta co dpcm. 

3 

Bang thuc xay ra khi va chi khi x = y = z = —. 


Bai 3. Cho cac so thuc duong a,b,c co tong bang 1. Chung minh rang 
a + b + c > 9 
1 + bc 1 + ca 1 + ab 10 


Loi giai: 

Ta co 
VT = 


c 2 (a + b + c ) 


a + abc b + abc c + abc a + b + c + 3abc (a+b + c) 3 10 

1 + v - 

9 

Bang thuc xay ra khi va chi khi a = b = c = 

1 1 


Bai 4. Cho x, y, z la cac so thuc duong thoa man 

gia tri Ion nhat cua biSu thuc 

Loi giai: 

Six dung bat ding thuc Cauchy shart ta co 

(x 2 + y 2 + l)fl + l + z 2 )>(l.x + l.y + z) 2 =>——-< — 

V A ' x 2 + y 2 +1 ( x 


x +y +1 y +z +1 z +x +1 
P = xy + yz + zx 


y +1 (x+y + z) 


Mot each tuong tu ta co 
1 „ 2 + x 2 


1 


2+y 2 


y +z +1 0 + y + z) z +x +1 (X+y + z) 
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Cong theo ve cac bat dang thiic tren ta dugc 
1= 1 , 1 , 1 ^ 6+x 2 + y 2 + z 2 

x 2 + y 2 +l y 2 + z 2 +l z 2 + x 2 + r (x+y + zf 
Suy ra 

(x + y + z) 2 < 6 + x 2 + y 2 + i 2 = 6 + (x + y + z) 2 - 2 (jty + yz + zx) => P = xy + yz + zx < 3 

Bai5.Cho a,b,c> 0 thoaman a + b + c = 3. Chung minhrang 

a b c ^ , 

—^~-H-^-> abc 

2a + be 2 b"+ca 2 c +ab 


Lol giai: 

Chia ca hai ve bat dang thiic cho abc, bdt tuong duang vdi 
1 , 1 , 1 
la 2 bc + b 2 c 2 lb 2 ca + a 2 c 2 lc 2 ab + a 2 b 2 

Sii dung bat dang thiic Cauchy- shaewar cho ve trai ta dugc 
1 1 1 
la 2 bc + b 2 c 2 2 b 2 ca + a 2 c 2 2 c 2 ab + a 2 b 2 


a 2 b 2 + b 2 c 2 + c 2 a 2 + 2 a 2 bc + 2 b 2 ca + 2 c 2 ab 

=-- 9 -— r =i 

(ab + bc + ca)- Q (a+i) + c ) 2 j 
Tu do ta co dpem. Dang thiic xay ra khi va chi khi a = b - c = 1. 


Bai 6. Cho a, b la cac so thuc thoa man a 2 +b 2 <a+b. Tim gia tri Ion nhat ciia bieu thiic 
P = a + 2b. 


Lai giai: 
Ta co 


a 2 + b 2 < a + b o 

K 

H 

HJ 

Vay P = a + 2h = j 

-4) 

+ 2| 

H) 


<1 

2 


(H) +2 H)) s ( i2+22 )( a 4) + H) : 

^3 + VlO 


Tir do suy ra P < - 
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Dang thiic xay ra khi va chi khi (a;b) = 


5 + VlO 5 + 2VlO^ 


10 


10 


Bai 7. Cho a, b, c khong am thoa man a + 2b + 3c = 4 va khong co hai so nao dong thcri bang 0. 
Tim gia tri nho nhat cua bieu thiic 

p= 1 1 


yjab + bc + ca Jab + bc + c 


Loi giai; 


112 2 

Yoi hai so duong x, y ; sir dung bdt co si ta co — + — > ,— > - 


2V2 


Sir dung bat dang thuc nay ta co 
„ 1 1 


2 V 2 


ylab+bc + ca ^/ab + be + c 2 \lab + bc + ca + cib + bc + c 

2V2 _ 2V2 

\Jc 2 + ca + 2bc + 2ab ■ y J(a + c)[c + 2b) 

2V2 ^ 4V2 


'a+c+c+2b a + 2b + 3c 


= ^ 


Dau bang xay ra khi va chi khi a = 2;b = \\c = 0. Suy ra gia tri nho nhat cua P = V 2 . 


Bai 8. Cho a, b, c thoa man a + b + c = 1, ab + be + ca > 0 . Tim gia tri nho nhat cua bieu thuc 
D 2 2 2 5 

\a-b\ \b-c\ \c-a\ yjab + bc + ca 

Loi giai; 

Gia sir a>b>c khi do 
D 2 2 2 5 

a-b b-c a-c yjab + bc + ca 
Ta co 


a-b b-c ya-b b-c) a-b+b-c a-c 

1 1 L 20 


Vay P>10 


a c ^(ac + ab + bc) J -c)yj4(ac + ab + be) 
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2(X/2 


^((a-cf+ 4(ac+ a fr+f,c)) \/( a + £ ')( 0 + c + 4< ’) 


20V2 


20V6 


20a/6 


^/(l-^)(l + 3^) ^3(l-&)(l + 3&) 3(l-fc) + (l + 3fc) 

2 


= 10>/6 


u i * u ^ 2 + \[6 2-V6 

Dau bang xay ra khi va chi khi b = — ,a= - ,c = -. 

3 6 6 


1 . 1 . 

1 . 2 . 

1 . 3 . 

1 . 4 . 

1 . 5 . 

1 . 6 . 

1 . 7 . 

1 . 8 . 


BAI TAP DE NGHI 

3 2 1 , 

Cho a, b, c > 0 thoa man —l-b — = 1. Tim gia tri nho nhat cua bieu thiic P = a + b + c 

a b c 

Cho x, y, z > 0 thoa man x + y + z = 1. Tim gia tri nho nhat cua bieu thiic 


z 36 x 25 y 

Cho a,b,c> 0 thoa man a + b + c = 3 . Tim gia tri nho nhat cua bieu thiic 
111 
(i+^) 2+ (i+Vte) J + (i+^) ! 

Cho a,b,c> 0. Chiing minh rang 

sf_ 

+ bc + ca 

Cho a,b,c> 0 thoa man a 2 +b 2 +c 2 = 3. Chiing minh rang 
a 2 b 2 + 7 b 2 c 2 + 7 c 2 a 2 + 7 _ 


y b ) y c ) y a ) ab + bc + c 


(a + bf {b + c) 2 (c + a)‘ 


>6 


Cho a,b,c> 0 thoa man a + b + c < — . Tim gia tri nho nhat cua bieu thiic 


’ ia+b) f+W 

o x, y > 0 thoa m z 

p= ( 1+ * 2 )( 1+ £) + ( 1 + y 2 )( 1+ ^: 


Cho x, y > 0 thoa man x +y = 1. Tim gia tri nho nhat cua bieu thiic 


Cho cac so thuc duong a,b,c thoa man a +b +c = 3. Tim gia tri nho nhat cua bieu 


thiic P = { 3a + —] + ( 3b ——1 +f3c+^- 
^ b + cj y c + aj y a + b , 
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1 . 9 . Cho x, y, z la cac so thuc ducmg thoa man x+ y + z = 3xyz . Tim gia tri nhd nhat cua bieu 

thiic P = ( * 1 i 1 i l ) 2 \ X * \ y4 \ Z * ] 

U + ? + zJ [(jo; + l)(xz + l) + (yz + l)(xy + l) + (zy + l)(zx + l)J 


BAT DANG THlTC HOLDER 

Ta chi xet mot dang cua bat dang thuc nay,de hieu each van dung bat dang thuc nay,no thirc su la 
mot cong cu huu hieu khi giai toan bat dang thuc. 

Cho a,b,c,x, y,z,u,v,t la cac so thuc ducmg. Chung minh rang 
(a 3 + b 3 + c 3 )(x 3 + y 3 + z 3 )(w 3 + v 3 + r 3 ) > (axw + fryv + cztf 

Chung minh: 

Su dung bat dang thuc Co si cho 3 so ducmg ta co 

a 3 x 3 u 3 3 axu 


a 3 + b 3 +c 3 x 3 + y 3 + z 3 w 3 +v 3 +t 3 

Mot each tuomg tu xay dung tiep 2 bat dang thuc 

b 3 y 3 v 3 ^ 

a 3 +b 3 +c 3+ x 3 + y 3 + z 3+ u 3 + v 3 +t : 


a 3 +b 3 +c 3 x 3 + y 3 +z 3 u 3 +v 3 +t : 


+ b 3 + c 3 )(x 3 + y 3 + z 3 )(w 3 + v 3 +t 3 ) 

> _3 byv _ 

" lj(a 3 +b 3 +c 3 )(x 3 + y 3 + z *)(u 3 + v 3 +t 3 ) 

3 czt 

" lj(a 3 +b 3 +c 3 )(x 3 + y 3 + z i)(u 3 + v 3 +t 3 ) 


Cong theo ve 3 bat dang thuc tren ta co dpem. 

Do vay khi lam toan de van dung bat dang thuc nay, ta co the su dung luon BDT Co si theo nhu 
each chting minh tren. 

BAI TAP MAU 


Bai 1 . Cho cac so thuc ducmg a,b,c. Chung minh ring 
(l + a)(l+b)(l + c)>(l + yjabc^j . 


Loi giai: 

Su sung BDT Co si cho bo 3 so duomg ta co 
111 3 


1 + a 1 + b 1 + c ^(l + a)(l + Z?)(l + c) 

a + b + c > 3yjabc 
1 + a 1 + b 1 + c ^(l + a)(l + Z?)(l + c) 
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Cong theo ve 2 bat dang thiic tren. Ta co dpcm. 

Dang thiic xay ra khi va chi khi a = b = c. 

Bai 2. Cho a,b la hai so thuc duong. Chiing minh rang 

(1+^(1+^) , 2 

^o 2 — a + + b 2 ^ 

Loi giai: 

Sii dung bat dang thiic b bai to an 1 
Ta co: 

(l + a 3 ) (l + a 3 ) (l + b 2 ) > (l + a 2 h) 

(l + l)(l + l)(l + a 3 ) > (l + a) 3 

(l + l)(l + h 3 )(l + h 3 ) > (l + h 2 ) 3 

Nhan theo ve ba bat dang thiic tren ta suy ra 

8 (l + a 2 ) 3 (l + b 2 ) 3 > (l + a 2 b) 3 (1 + a) 3 (l + b 2 f 

Suy ra: 

(a 2 -a + l)(l + h 3 ) 

KY THUAT CO SI NGlTOC DAU 

Ky thuat duoc khai thac de sii dung BDT Co si cho mau so ciia cac phan so, do vay can co bubc 
chuyen phan so ve tong ciia mot so duong va mot so am. 

BAI TAP MAU 


Bai 1. Cho cac so thuc duong a,b,cco tong bang 3. Chiing minh rang 
a b c > 3 

1 + b 2 1+c 2 l + a 2 ~ 2 _ 

Loi giai; 


a ab 2 ab 2 1 , 

-- = a -- > a -= a — ab 

l + b l+b 2b 2 

Mot each tuong tu ta co 
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* i. C 1 

- ^>b — be; - 7 >c —ca 

1 + c 2 2 l + a 2 2 

Cong theo ve 3 bat dang thuc tren ta dugc 

a b c ^ . 1 / , . w 3 

- T -\ -- T >a+b+c — (ab + bc + ca) > —. 

1 + b 2 1 + c 2 l + a 2 2 V ' 2 

Do a + & + c = 3va 3 (ab + bc + ca)<(a + b + c) =9. 
Bang thuc xay ra khi va chi khi a = b = c = 1 


Bai 2. Cho cac so thuc duong a,b,cco tong bang 3. Chu'ng minh rang 

a 2 b 2 c 2 

- 7 +- 7 +- 7 > 1 . 

a + 2 b" b + 2c" c + 2 a 


Loi giai; 

Ta co 


lab" 


-\lb 2 c 2 ;—-—- >c — <Jc"a" 
3 c + 2a 2 3 


lab" 2 3/-77T 

z- = a - ~>a - 1 ^= = a — va b 

a + 2b a + 2b 3yjab 4 3 

Mot each tuong tu ta co 
b + lc 1 

Cong theo ve 3 bat dang three tren ta dugc 

-^ + -^-+-^->a+b + c-- f^V+^V+V^V)>l. 

a + 2b" b + 2c 2 c + 2a 2 3V ' 

That vay vi 

3 [ab+bc + ca)<[a+b + cf = 3 [a + b + c)^> ab + bc + ca<a + b+c 
=>3 [tja 2 b 2 + %Jb 2 c 2 + \Jc 2 a 2 j <^(ab + a + b) <3(a + b + c). 

Bang thuc xay ra khi va chi khi a = b = c = 1. _ 


Bai 3. Cho a, b, c la cac so thuc khong am thoa man a" + b" + c = 3. Chung minh 
1 , 1 , 1 M 
a 3 +2 h 3 + 2 c 3 +2 


Loi giai: 


Ta co 

1 _ 1 1 a 3 ^ 1 1 a 3 _ 1 a 2 

a 3 + 2~ 2 2 a 3 +2 “ 2 2 3a _ 2 6 

Mot each tuong tu ta co 

1 > 1 b 2 1 1 c 2 

b 3 + 2~ 2 6 ’c 3 + 2 ~ 2 6 

Cong theo ve cac bat ding thuc tren ta co dpem. 
Bang thuc xay ra khi va chi khi a = b = c = 1. 
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bAitapapdvng 


1.1. Cho a, b, c la cac so thuc khong am c 6 tong bang 3. Chung minh 

a b c 3 

1 + b 2 c 1 + c 2 a l + a 2 b ~ 2 

1.2. Cho cac so thuc duong a,b,c. Chung minh 


a 3 b 3 c 3 ^ 1, , x 

—5 - —5 - 7 H 7 >—(a + Z? + c). 

a 2 +& 2 & 2 +c 2 c 2 +a 2 2\ ' 

1.3. Cho a, b, c la cac s 6 thuc khong am co tong Mng 3. Chung minh 


a + 2b 3 b + 2c 3 c + 2 a 3 

1.4. Cho cac so thuc duong a,b,c,d co tong bang 4. Chung minh 


a + 1 b + 1 c + 1 d + 1 

- T + -7 +-7 +- T-4- 

1 + b 1 + c 1 + d 1 + a 


PHlTONG PHAP LlTONG GIAC HOA 


Mot so bai toan BDT co dieu kien rang buoc ta co the quy ve dang luong giac, khi do BBT de 
chung minh hon. 

Mot so dau hieu nhan biet dua bai toan BBT ve dang luong giac 

+ Neu cac so thuc duong a, b, c thoa man ab + bc + ca = 1 thi luon ton tai 3 goc cua tarn giac ABC 


sao cho a = tan — ,b = tan — ,c = tan —. 

222 

+ Neu cac so thuc duong a, b, c thoa man ab + bc + ca = abc thi luon ton tai 3 goc cua tarn giac 
ABC sao cho a = tan A,b = tan B,c = tanC. 


+ Neu cac so thuc duong a,b,c thoa man a 2 = b 2 +c 2 -abc{a e (0;2))(*) thi ton tai 3 goc cua 
tarn giac ABC thoa man dieu kien (*). 

+ Neu a 2 +b 2 +c 2 +2 abc = \,a,b,c e [—1;l] thi luon ton tai 


a = cos A,b = cosB,c = cosC',A+B + C = n. 


BAI TAP MAU 


Bai 1. Cho x, y, z la cac so duong thoa man x(x + y + z) = 3 yz . Chung minh rang 
_ (A+y) 3 +(A + z) 3 +3(x+y)(y + z)(z + A)<5(y + z) 3 . _ 

Loi giai; 

Bat a = x + y,b = y + z,c = z+x thi a,b,c la cac so duong va 
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(c + a-b) (a + b + c) | 

r b + c-a'\ 

f a + b-c^\ 

2 2 “ 3 I 

K 2 J 

{ 2 J 


c+a-b a+b-c b+c-a 

x =- ,y = - ,z = - 

2 2 2 
Dieu kien bai toan tra thanh 

<=> (a +c) 2 -b 2 =3 b 2 -3(a -c) 2 

<^>b 2 = a 2 +c 2 - ac(*). Tu day coi a, b, c nhu la 3 canh cua mot tam giac thi co goc B = 60°. 
Ta can chiing minh bat dang thiic 
a 3 + c 3 + 3abc < 5b 3 
BDT nay duo'ng duo'ng vdi 

(a + c)(a 2 -ac + c 2 ) + 5abc = b 2 (a + c) + 3 abc < 5b 3 <^>a + c + 3ac < 5b 2 

Su dung B = 60°; a = 2R sin A, b = 2 R sin B, c = 2 R sin C 

Ta can chung mi nh bat dang thiic 

2V3(sin A + sinC) + 12sin AsinC < 15 

Mat khac ta co 

• a ■ ^ ~ ■ A + C A-C . A+C rr 

sin A + sin C = 2sin-cos-< 2sin-= v 3 

2 2 2 




Ta co dpcm. 

Bang thiic xay ra khi va chi khi x = y = z. 


Bai 2. Cho cac so thuc khong am a,b,c va thoa man dieu kien a 2 +b 2 +c 2 + 2 abc = 4 . Chiing 
minh rang a + b + c > abc + 2. 


Loi giai: 

Theo gia thiet suy ra a,b,c e [0;2], nen ton tai 3 goc A,B,C e |^0;^j sao cho 
a = 2 cos A,b = 2cos B,c = 2 cos C. Theo gia thiet suy ra 

cos 2 A+cos 2 B + cos 2 C+2cosAcosBcosC = 1, suy ra A,B,C la cac dinh cua tam giac nhon 
ABC. 

Vay ta can chiing min h 
cos A + cos B + cos C > 4 cos A cos B cos C +1 
ABC 

o sin — sin — sin — > cos A cos BosC. 

2 2 2 
Mat khac ta lai co 

(cos B + cos C)“ . 2 A 


cos B cos C <- 


. 2 A 2 (B-C\^ . 2 A 
= sin —cos - <sin — 

2 [ 2 J 2 


Mot each tuoug tu ta co 

cos A cos C < sin 2 —; cos A cos B< sin 2 — 
2 2 
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Nhan theo ve cac bat dang thuc tren, ta co dpcm. 

Dang thuc xay ra khi va chi khi a = b = c = 1. 

BAI TAP DE NGHI 

1 . 1 . Cho ab + 0 thoa man — + — =-. Tim gia tri nho nhat, gia tri lan nhat cua bieu thuc 

baba 

P = a 2 +b 2 -a+3b 

1 . 2 . Cho x, y la cac so thuc thoa man x 2 y 2 + 2yxr +1 = 0. Tim gia tri Ion nhat, gia tri nho 
nhat cua bieu thuc 


1 


P = —+- + y y + - + 2 

X X \ X ^ 

1 . 3 . Cho a, b, c la cac so thuc duong thoa man dieu kien a 2 + b 2 + c 2 + abc = 4. Chung min h 
rdng a + b + c< 3. 

1 . 4 . Cho cac so thuc khong am thoa man dieu kien ab + be + ca = 1. Chung minh rang 


1 


1 


_ + _ 1 ^5 

a+b b+c c+a 2 

1 . 5 . Cho cac so thuc duong a, y, z thoa man x 2 + y 2 + z 2 = -—^ . Chung minh ring 


l + 4(xy + yz + zx ) 28' 

1.6. Cho cac so thuc khong am x,y. Tim gia tri Ion nhat, gia tri nho nhat cua bieu thuc 

p 0-y)(i-^) 

(l + x)’(l + ).) 1 

1.7. Cho cac so thuc a t ,a 2 ,...,a n thoa man -2 < a t < 2, Vi = 1 ,n va cac so thuc nay co tong 
bang khong. Chung minh rang 

jflj 3 +a 2 3 + ... + a n 3 | < 2 n. 

1.8. Cho xy>0 va x 2 + 2 y 2 = 1. Chung minh rang 

Vl + 2x + ijl + 2y > 1 + x/1 + V 2 

1.9. Cho a, b la cac so thuc thoa man a 2 +b 2 < a + b. Tim gia tri ldn nh at cua bieu thuc 
P = a + 2b. 

1.10. Cho a,b,c> 0 thoa man abc + a + c = b. Tim gia tri ldn nhat cua bieu thuc 

P = ^_^ + ^_ 

a 2 +l b 2 + 1 c 2 +l 

1.11. Cho a e j^-l;-^-j . Tim gia tri ldn nhat, gia tri nho nhat cua bieu thuc 

p _ V5-4a - Vl + a 

\J5 — 4 a + 2>/l + a + 6 
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